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Abstract. Bipolar synchronization systems (BP-systems) constautiass of coloured Petri nets,
well suited for modelling the control flow of discrete dynailisystems. Every BP-system has an
underlying ordinary Petri net, a T-system. It further has@osd ordinary net attached, a free-choice
system. We prove that a BP-system is safe and live if the ®esysind the free-choice system are
safe and live and the free-choice system in addition hasorefrtokens. This result is the converse
of a theorem of Genrich and Thiagarajan and proves an oléécture. As a consequence we obtain
two results about the existence of safe and live BP-systeithgwescribed ordinary Petri nets. For
the proof of these theorems we introduce the concept of ammrpbetween Petri nets as a means
of comparing different Petri nets. We then apply the cladsteeory of free-choice systems.

Keywords: Bipolar synchronization system, free-choice system dnaoken, Petri net morphism,
structurally free of blocking.

Introduction

Bipolar synchronization systems (BP-systems) constiéutéass of coloured Petri nets, well suited for
modelling the control flow of discrete distributed dynanhiggstems. BP-systems have been introduced
in 1984 by Genrich and Thiagarajan [GT1984].
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BP-systems have two token colours, high-tokens and lowrskand they have coloured transitions
with firing modes depending on the combination of high- and-lokens at their pre-places. As a
consequence a transition decides not only on enabling a&guést activity but also about skipping
it. The flow of high-tokens shows the pattern of activatidre flow of low-tokens the pattern of skipping
activities. The firing modes of a given transition obey «itlie AND-rule or a XOR-rule.

BP-systems have seldom been studied in the context of Reétrsmce 1984. Today however they are
used implicitly in many commercial projects which focus arsiness process modelling: Because the
prevalent language for business process modelling in Garisahe language of Event-driven Process
Chains (EPCs), invented in 1992 by Keller, Nuttgens ande8clicf. [Sch1994]). EPCs model the
control flow of a business process by using the logical camne@ND, XOR and OR. The semantics
of EPCs can be formalized by translation into the class ofl@woPetri nets [LSW1998]. Hereby EPCs
with only AND or XOR-connectors translate into BP-systeniberefore any analysis of a BP-system
clarifies the behaviour of an AND/XOR-EPC [Weh2007]. The aapt of low-tokens has also been
transferred separately to EPCs by different authors [GBRQMA2006].

Genrich and Thiagarajan observed that the flow of high-tekdia BP-system projects onto the token
flow of a corresponding free-choice system. We call it théhkdgstem of the BP-system. Abstracting
from the colours of a BP-system leads to a second ordinary it ThisT-system however keeps the
net structure of places, transitions and directed arcs. alVé the skeleton of the BP-system. Forgetting
about the colours is formalized by a canonical Petri net tmisrp from the BP-system to its skeleton.
Due to this morphism the safeness of a BP-system follows frensafeness of its skeleton. Conversely,
safeness and liveness of a BP-system imply the analogopenies of its skeleton, thanks to a lifting
lemma for the morphism.

Genrich and Thiagarajan already proved that the high-systiea safe and live BP-system is safe
and live itself. Moreover the high-system has no frozen tskeBoth results follow from a second
lifting lemma. The new result of the present paper provesthwerse of the theorem of Genrich and
Thiagarajan. Our main result (Theorem 4.6):

A BP-system is safe and live iff its high-system is safe anglWithout frozen tokens and its skeleton
is safe and live.

For the proof of Theorem 4.6 we conclude from the lifting leantiat deadlock-freeness is sufficient
for the liveness of the BP-system. This result has also @yrbaen shown by Genrich and Thiagarajan.
But safeness and liveness of high-system and skeleton dsuffime to exclude a deadlock of the BP-sy-
stem. Therefore we intensify the concept of a deadlock tstiunger concept of a deadlocking circle.
It consists of an alternating series of closing XOR- and AN&nsitions. Firing the AND-transition
in the high-system presupposes firing the XOR-transiti@t fiying the XOR-transition in the skeleton
presupposes firing the AND-transition. Therefore the iteEms in the BP-system block each other. We
prove that every dead BP-system has a deadlocking circle ffigh-system and skeleton are safe and
live. On the other hand, any deadlocking circle is excludgthle absence of frozen tokens.

The essential means for proving the latter result is a tme@eout restricted free-choice nets: The
high-net of a BP-system belongs to a subclass class of freiee nets, where well-formedness is char-
acterized by the absence of certain handles on elementauitsi Using circuits allows us to carry a
common type of reasoning froiftsystems to the high-system of a BP-system. A further inpubtir
proof is the simple observation that an activaledomponent in a free-choice system without frozen
tokens must already contain all tokens. This result hasttibetaral analogy that in the underlying net
T-components anB-components intersect each other.
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Subsequently, we draw two conclusions from Theorem 4.6amwing the existence of safe and live
BP-systems with prescribed high-system (Theorem 5.3)asquibed skeleton (Theorem 5.5).

The present paper uses results for free-choice systemé wieie not at the disposal of Genrich and
Thiagarajan in 1984. They were developed afterwards by, Bestel, Esparza and Silva.

1. Components and handles in free-choice systems

We will assume that the reader is familiar with the basic prtps of Petri net theory, in particular that
one knows finiteordinary Petri nets(V, i1). Here the netvV = (P, T, F') comprises a finite seP of
places, a finite séf of transitions and a sét C (P x T') U (T x P) of directed arcs, whilg. : P — N
denotes the initial marking of the net. But often we will digge with an explicit notation for the set
of places, transitions and arcs; we use the shorthard N for a nodex € P UT. We shall write
pre(z) := ex for the pre-set angost(x) := xe for the post-set of a node € N and extend this
notation to subsetX’ C P U T by setting

pre(X) = U pre(x) and post(X) := U post(x).

For the convenience of the reader and to fix the notation wadlr@me concepts which are used through-
out the paper. Clusters group conflicting transitions aed thre-set.

1.1. Definition (Cluster)

Consider a netV = (P, T, F'). Theclusterof a nodex € P U T, denoted:l(x), is the minimal set of
nodes so that

e € cl(x),
e if a placeP € p belongs tal(zx), then alsgost(p) C cl(z), and
e if a transitiont € T belongs tacl(z), then alsqre(t) C cl(x).

For a subseX C P U T we denote the union of all clusters of nodes frairby

cd(X):= U cl(x)

zeX
Apath(zg,x1,...,x,) with nodesr; € PUT is namecelementaryif =; # x; for all pairsi # j. A cir-
cuitis a path(zg, x1, . . ., ) With z,, = x¢, itis namecelementary circuitf the path(zo, z1,...,z,-1)
is elementary. Theoncatenation of two paths = (zg,x1,...,2z,) andg = (yo,y1,- .-, Ym) With

Ty = Yo IS the patho % 5 := (zo, 21, ..., Tn, Y1, -+, Ym)-

Theconcatenation of two occurrence sequengeando, is denoted by - o5. A partial subnetof
N = (P,T,F)isanetN’ = (P, T'F')with P C P,T' C T, F' C FN[(P' x T") U (T' x P)].
IncaseF’ = FN[(P' xT")U(T" x P')] the netN’ is namedsubnetof N. If two nodes of a subnet
are incident in the ambient net, they are also incident irstlimet. While two nodes of a partial subnet,
which are incident in the ambient net, are not necessarigémt in the partial subnet.
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If X C PUT is asetofnodes ofthe ndt = (P, T, F) thenthe triplg X NP, X NT, FN(X x X))
is a subnet ofV, called the subnet ¥ generatedoy X. To simplify the notation we will not distinguish
between an elementary pathy, ..., z,) in N and the partial subnet @ with nodesz;,i = 0,...,n,
and directed arcér;, x;11),i = 0,...,n — 1. Consider a nelV and two partial subnety;, No C N. A
handleon NV, is an elementary path iV

a=(zg,...,xn) With an Ny = {zg,z,}.

In case of a transitiomy and a place:,, the handle is called @aP-handle Analogously one defines a
PT-handle A bridge from N7 to N is an elementary path iV

a=(zg,...,xn) With anN; ={x¢} and an Ny = {z,}.

In case of a transitiony and a placer,, the bridge is called &P-bridge

A Petri net islive if for any transition and for any reachable markingan occurrence sequenee
exists, which is enabled at such that firingr creates a marking, which enables the given transition. A
Petri net isboundedif a natural number exists, which bounds the token conteetvefy place at every
reachable marking. The Petri netsiafeif the bound can be chosen equal to 1. A néts well-formed
if it has a markingu, so that the Petri nétV, ) is live and bounded.

Petri nets with branched places but unbranched transiaoasufficient to model processes with
alternative runs, but they fail to capture concurrent pseaens. A Petri net with unbranched transitions
is namedP-systemits underlying net is namel-net Complementary to that, Petri nets with branched
transitions but unbranched places are sufficient to modmgsses with concurrency, but they fail for
processes with alternative runs. A Petri net with unbradgiaces is named@-systemits underlying net
is namedT-net A basic circuitof a T-system is an elementary circuit marked with a single token.

A marking i of a Petri net is daome statéf any reachable marking enables an occurrence sequence,
the firing of which createg. A Petri net(NV, 1) is cyclicif its initial marking « is a home state. Live and
boundedP-systems and-systems are cyclic.

Neither P-systems noiT-systems are sufficient to model real world processes. lergémne has
an interplay of choice and concurrency of actions. To fet#i the study of general ordinary Petri nets
(N, 1) one searches for subnets@fwhich areP-nets orT-nets. These subnets are named components
(cf. [DE1995], Definition 5.1 and Definition 5.11).

1.2. Definition (Components)
Consider a neiV.

i) A subnetNp of N which is generated by a nonempty sub&eof nodes, is &-componenof N
if Np is a strongly connecteB-net with

pre(p) Upost(p) C X for all placesp € X.

A subnetNy of N which is generated by a nonempty sub&ebf nodes, is al-componenbf N
if Np is a strongly connecte@-net with

pre(t) Upost(t) C X for all transitionst € X.
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i) A P-component ofV which is marked with a single token at a markjmgf NV is abasic component
of the Petri netV, p).

i) A marking p of N activatesa T-componentNy of N if the T-system(Nr, ur) is live, where
wr := u|Np denotes the restriction of the markipgo the places ofVy.

A P-component ofV is distinguished in that its token content does not changenwiring an arbitrary
transition of N. And firing all transitions of &-component reproduces the original marking\af

A first common generalization d®?-systems and-systems are free-choice systems. They allow
the combination of alternatives and concurrency as longcastain conflict condition is satisfied: If one
transition from a set of transitions in structural conflicenabled, then all other conflicting transitions are
enabled too. From the theory of free-choice systems asmegsén [DE1995} we will now explicitly
state some concepts and theorems fundamental for the ppegwar.

1.3. Definition (Free-choice system)

AnetN = (P, T, F) is afree-choice neif for every two transitiong;,t, € T
either pre(t;) N pre(te) = 0 or pre(ty) = pre(ts).

A restricted free-choice ndt a net which satisfies the stronger condition: For every thaositions
t1,t9 € T

either pre(t1) Npre(tz) = 0 or pre(ty) = pre(tz) = {p}

with a single place € P. A marked (restricted) free-choice néY, 1) is named iestricted) free-choice
system

Figure 1. Live and safe restricted free-choice system

The restricted free-choice system from Fig. 1 is safe are] tiverefore its underlying net is well-
formed. It shows a non-trivial entangling of alternativesl @oncurrency. Free-choice systems and in

!Different from [DE1995] we talk aboU®-components instead &f-components.
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particular restricted free-choice systems are one of tlweetsgential classes of Petri nets in the present
paper. They will be used in the main part of the paper to desioperties of BP-systems, which are
certain coloured Petri nets and form the second class afrigsr considered in this paper.

Fig. 2 shows a type of conflict which is forbidden in free-a®nets: There are three transitions
in structural conflict and markings are possible which emalnlly one of the transitions. All transitions
together with their pre-places form a single cluster.

] ]

Figure 2. Type of structural conflict which is forbidden foeé-choice nets

P-components an@-components are of fundamental importance for free-chuéte and we will heavily
rely on them.

The free-choice neV from Fig. 1 has twd®-components and tw@-components.
OneP-component is the subnéip of N generated by the set

{pO)pl)pQ)p3ap5ap7) th tl) t2) t3a t4) t5) t8}

OneT-component is the subnéf; of N generated by the set

{tO) t2a t4) t6) t8a Po, P1,P3,P4,P7, p8}
Both P-components are basic component$8f 1) and bothT-components are activatedat

For the convenience of the reader we reproduce the simptg pfohe following Lemma 1.4.

1.4. Lemma (Intersection of components)

The intersection of #-componentVpy with a T-componentN, of a net is a set of disjoint elementary
circuits. Possibly the set is empty.

Proof:

Consider a place € Npr := Np N Np. Because € Ny the place has only a single pre-transition
and only a single post-transition iNy. BecauseVp is aP-component, all pre-transitions and all post-
transitions opp € Np belong toNp. Thereforep € Npr has a unique pre-transitiap,. € pre(p)\Npr

as well as a unique post-transition.: € post(p)Npr. Analogously a transitioh € Np7 has a unique
pre-placep,,. € pre(t) N Npr and a unique post-plage,.s; € post(t) N Npr. ThereforeNpr is the
disjoint union of elementary circuits. O
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A key term of the present paper is the concept of frozen tok@neken in a Petri net is frozen at
a given place iff there is an enabled infinite occurrence aecg, which does not move the token. The
following Definition 1.5, i) is equivalent to ([BD1990], Def6.1). Here we employ for two markings
v,u of anetN = (P, T, F) the following notation:v < p iff v(p) < u(p) for all placesp € P and
v(po) < p(po) for at least one placgy € P.

1.5. Definition (Frozen tokens, structurally free of blocking)

i) A Petrinet(N, o) has ndrozen tokendf for every reachable marking the following holds: For
every markingy < p the Petri ne{V, v) has no enabled infinite occurrence sequence.

i) A net is structurally free of blockingff every P-component intersects evellycomponent in a
non-empty set.

For a live free-choice system the absence of frozen tokeegugsalent to the structural property
from Definition 1.5, cf. [BD1990], Theor. 6.2.
1.6. Lemma (Frozen tokens, structurally free of blocking)

A live free-choice system has no frozen tokens iff it is safd the underlying net is structurally free of
blocking.

The net underlying the free-choice system from Fig. 1 iscétmally free of blocking, as all its
components contain the plapg.

t1 t 4

q_2

1 token

t 2

Figure 3. Free-choice system with a frozen token

The net underlying the free-choice system from Fig. 3 is tratsurally free of blocking. 1t§-component
Np with nodes{pi, t1, p2, t2} is disjoint from theT-componentNy with nodes{q1, ts, g2, t4}. The two
free-choice systems from Fig. 1 and Fig. 3 are live and safee first one has no frozen tokens. In
contrast the system from Fig. 3 has a frozen token at the placehe marking from Fig. 3 activates the
T-componentNy and therefore also an infinite occurrence sequence, whieb ot move the token at
po. The system from Fig. 3 will be studied later in a broader exit

Any strongly connected-net is structurally free of blocking. In particular, a safed live T-system
has no frozen tokens. Even a much stronger result holdsyEvebled infinite occurrence sequence of
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a strongly connected-system fires each transition of the net an infinite numbeinuég (cf. [DE1995],
Proof of Theor. 3.17).

For the class of restricted free-choice nets - but not fa-frieoice nets in general - there exists a char-
acterization of well-formedness in terms of handles andda$. This characterization in Theorem 1.7 is
one of the main ingredients for the proof of Theorem 4.6. T@wilt is due to Esparza and Silva, after
preparatory work of Desel (cf. [ES1990], Theor. 4.2).

1.7. Theorem (Well-formedness of restricted free-choiceats)

A restricted free-choice net is well-formed iff it is strdpgconnected, no elementary circuit has a
T P-handle and ever?T-handle on an elementary circuit hag &-bridge from the handle to the circuit.

With the help of Theorem 1.7 one easily confirms that the upither net of the restricted free-choice
net from Fig. 1 is well-formed. For a restricted free-choie which is not well-formed we refer to
Fig. 4. Each of its four elementary circuits ha§'®-handle. The free-choice net will be studied in the
context of BP-systems in Chapter 2.

Figure 4. Restricted free-choice net, which is not wellried

As a corollary to Theorem 1.7 the following Proposition lt#as the main result about the intersec-
tion of components in a well-formed restricted free-chaie¢ which is structurally free of blocking.

1.8. Proposition (Intersection of components)

Consider a well-formed restricted free-choice which iscturrally free of blocking.

i) Each pair(Np, Ny) with a P-componentNp and aT-componentNy intersects in a single ele-
mentary circuity = Np N Nrp.

ii) Each elementary circuit is the intersectiony = NpN Ny of aP-componentVp with aT-component
Nr.
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Proof:
According to Lemma 1.4 the intersectidfi N N7 is either empty or a set of disjoint elementary circuits.

ad i) In case ofV being structurally free of blocking the intersectidipr := NpN Ny is non-empty.
Assume thatVpp contains two disjoint circuits;, # v,. Within N there exists a bridga, from v,
tos. It starts with a transition, because places df@mponent do not branch. Analogously wittiip
there exists a bridges; from ~, to 41, which ends with a place. Letbe the segment of, from the end
of a5 to the start ofvy;. The concatenationy s * v * as; induces dl' P-handle orvy;. It contradicts the
well-formedness of the restricted free-choice net acogrtth Theorem 1.7 which finishes the proof.

ad ii) Any elementary circuity of a well-formed free-choice net is contained in the intetiea of a
P-componentNVp with a T-componentNy. This result is due to Thiagarajan and Voss (cf. [TV1984],
Chap. 5). According to part i) the intersectiofi- N N7 is a single elementary circuit. Therefore
v = NpN Nr. a

Fig. 1 illustrates Proposition 1.8: The free-choice netfoas elementary circuits. Each of them is
the intersection of a@P-component and al-component. There are twB-components and two
T-components.

1.9. Corollary (An activated T-component implies livenesps

Consider a free-choice nét which is well-formed and structurally free of blocking and@-somponent
Nrp of N. If amarkingu of N activatesNy, then(V, ) is live.

Proof:

As a consequence of Commoners Theorem a free-choice syatem) with well-formed free-choice net
N is live iff it is covered by a set of markd®components (cf. [DE1995], Theor. 5.8). ARycomponent
Np of N intersectsNy in an elementary circuit according to Proposition 1.8. bies of( Ny, u|Nr)
implies that each of these elementary circuits is markeer&foreNp is marked. O

Another important application of Theorem 1.7 is Propositlo10.

1.10. Proposition (Obstruction against being well-formedand structurally free of block-
ing)

Consider a restricted free-choice nét Assume ar-componentNy, a P-componentNp and a path
a = (zp,x1,...,2y,xp) fromanoderr € Ny — Np to anoderp € Np — Np, such that

a/ﬂNTﬂNP:(D

with o/ := (x1,...,x,) the path resulting frona by excluding the endpoints. The¥ cannot be well-
formed and structurally free of blocking.

Proof:

We argue by means of an indirect proof and assumethiatwell-formed and structurally free of block-
ing. The intersectiony := Np N Np is an elementary circuit according to Proposition 1.8. WitN
there exists a bridge from ~ to 2 and withinVp a bridgeap from = p to v. The bridgex starts with
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a transition, because branched node#/pfare transitions, andp ends with a place, because branched
nodes ofNp are places. The concatenatian * « * ap is aT P-handle ony, possibly after shortening

it to an elementary path, keeping fixed its start and end. Atieg to Theorem 1.7 this fact contradicts
N being well-formed. O

The following Proposition 1.11 is the main result abdatomponents in live and bounded free-
choice systems. We will apply it to live and safe free-chaggsetems without frozen tokens. Here it
serves to collect all tokens of a reachable marking withiivargT-component.

1.11. Proposition (Activation of T-components)

Every T-componentV; of a live and bounded free-choice system can be activated-&gchable mark-
ing. In particular, an enabled occurrence sequenegthout any transition froml(Ny) exists, so that
the firing of o creates a marking, which activatag-.

Proof:

[DE1995], Theor. 5.20 shows the existence of an enabledrmmume sequence without transitions
from Np, such that firingr creates a marking, which activatdg-. But their proof also demonstrates the
stronger version of Proposition 1.11 which excludes froeven transitions fromi(Nr). O

A marking which enables only transitions from a single @us$s$ a blocking marking.

1.12. Definition (Blocking marking)

A blocking markingassociated to a cluster from a free-choice system is a rblchaarking which
enables every transition from the cluster but no other ttiansof the system.

1.13. Lemma (Blocking markings in the absence of frozen tokes)

Any cluster of a safe and live restricted free-choice systdttmout frozen tokens has a blocking marking,
which can be reached without firing any transition from thestdr. The blocking marking is uniquely
determined and is a home state.

Proof:
Denote bye the given cluster.

i) Existence of blocking markings: LefC'S = (IV, ) be the given free-choice system. Because
FCS has no frozen tokens, for any cluster fand at every reachable marking an enabled oc-
currence sequence exists, the firing of which creates aibigekarking of the given cluster. Ob-
viously one can assume that the occurrence sequence doesmain any transition from the
cluster.

i) Every T-component with one place ofis activated at a blocking marking, ... of c and contains
all tokens ofpuycr: Otherwise Ny could be activated according to Proposition 1.11 by firing a
non-empty enabled occurrence sequence with no transition #(Nr). But such occurrence
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sequences do not exist, becaugg.. is a blocking marking and the only transitions activated at
Upiock DElONG toc C cl(N7).

BecauseNy is activated afuyoc, there exists an infinite occurrence sequence ofTHsgstem
(N7, ppiock| N7) @and a posteriori of N, wuyock ). The fact that?'C'S has no frozen tokens, implies
that all tokens Ofuy;..r Mmark places ofVy.

iii) Uniqueness of blocking markings: We consider two bliockmarkingsit1 yioci: ands piocr 8SSOCi-
ated to the clustet. They can be considered as markings of a suit@lidemponentV; according
to part ii). We prove thaf; piocr iS reachable if Nz, p1 pock). Due to the Reachability Theorem
for live T-systems ([DE1995], Theor. 3.21) we have to prove {haf,c.. and iz o agree on
every elementary circut of Ny, i.€. 111 piock(7) = H2.bi0ck(7Y). Due to Proposition 1.8 there
exists aP-componentNp with v = Np N Np. The equalityu; piock(Np) = p2,piock(Np) and
part i) imply 11 piock (NP N N7) = popiock(Np N Nr). Blocking markings of the safe and live
T-system(Nr, 11 piock) are unique ([GT1984], Theor. 1.15), which impli@Siock = 142, biock-

iv) The uniqueness of blocking markings and part i) implytay blocking marking is a home state.
O

Lemma 1.13 has a far reaching generalization. The readtyabfl unique blocking markings in
a bounded and live free-choice system is a deep theorem géiGhiaar and Mairesse ([GHM2003],
Theor. 3.1). The proof is much more difficult than our prooteinma 1.13. Their theorem shows, that
the two concepts "blocking marking” and "structurally freEblocking” are independent: Bounded and
live free-choice systems have unique blocking markingepedidently from the underlying net being
structurally free of blocking or not. Therefore one shoubd confuse the two different concepts "block-
ing marking” and "structurally free of blocking”, the commase of the word "blocking” is misleading.

A marking . with the properties from Definition 1.12 is named "blockingnking”, because it blocks
every transition, which does not belong to the given clusthpse transitions are not enabled.at

Beeing "structurally free of blocking” is a structural pempy of the net, it does not refer to a distin-
guished marking. The name can be explained by Lemma 1.6: yivanand safe marking of the net it
is impossible to mark a pre-place of a transition with a toked to fire afterwards an infinite occurrence
sequence, which does not move the token: Itis not possittdltk a transition with a token with respect
to an infinite occurrence sequence.

2. BP-Systems and their derived ordinary Petri nets

A BP-system is a coloured Petri net. It collects the two tuatlues "true, false” into a global set BOOLE

of token colours, while the firing modes of its transitionpresent the Boolean logic of AND and XOR.

A token with the colour "high (= true)” is called a high-tokand a token with the colour "low (= false)”

is called a low-token. Fig. 5 shows an example of a BP-systeimmarked with one high-token.
BP-systems are coloured Petri nets (cf. [Jen1992]) buhfptesent paper we do not need the latter

concept in full generality.
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A 4

XOR

BOOLE BOOLE

©
BOOLE A BOOLI . BOOLE BOOLE BOOLE

BOOLE

BOOLE

AND

Figure 5. BP-system

2.1. Definition (BP-system)

i) A bipolar synchronization graptBP-graph)BGP is a coloured net. It extendsTanetN = (P, T, F)
by attaching to each plagee P the fixed set

C(p) = BOOLE := {high,low}
with two token colours and provides each transitian 7' with one from two types of logic:

e An AND-transitiont = tanp has a set of firing modeB(t) = {high,low} with two elements:
The high-mode (respectively low-mode) is enabled iff akk-pfaces oft 4y p are marked with
at least one high-token (respectively low-token). Its §raonsumes one high-token (respectively
low-token) from each pre-place and creates one high-talempéctively low-token) on every post-
place.

e An XOR-transitiont = txor With n pre-places aneh post-places has a set of firing mode&t)
with n - m high-modesb(m) and one low-mode: The high-mode with indéxj), 1 < i <n,
1 < j < m, is enabled iff the-th pre-place is marked with at least one high-token andth#ro
pre-places with at least one low-token. Firing the high-snodnsumes a high-token from th¢h
pre-place and a low-token from every other pre-place aratesen high-token at theth post-place
and a low-token at every other post-place. The low-modeabled iff all pre-places are marked
with at least one low-token. Firing the low-mode consumesaatbken from each pre-place and
creates a low-token at every post-place.

Adhering to the common notation of coloured nets we call a faic) with p € P,c € C(p), atoken
elementand a pair(¢,b) with ¢t € T,b € B(t), abinding element A binding element is nameldw
binding elementif its firing consumes and creates only low-tokens. Othsewitiis namedhigh binding
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element A transition with a single pre-place and two or more posepk is aropening transition a
transition with a single post-place and two or more pregsais called alosingtransition. Opening
transitions with exactly two post-places and closing titiorss with exactly two pre-places are called
binary transitions. The BP-graph is callbihary if all its transitions are binary.

ii) A bipolar synchronization systeifBP-system) is a coloured Petri nBtPS = (BPG, ) with a
BP-graphB PG and an initial marking: with at least one high-token.

The binary BP-graph underlying the BP-system from Fig. Staiols one opening XOR-transition
and two closing XOR-transitions. There are no XOR-pairanfed by an opening and a closing XOR-
transition. Similarly there are no AND-pairs. Instead ANHnsitions and XOR-transitions are crosslin-
ked.

The present paper deals with questions of liveness of higtiirig elements. All BP-systems we are
dealing with in the final theorems will be strongly connectib@refore each transition will have at least
one pre-place and at least one post-place. If the initiakingrof a strongly connected BP-graph had no
high-tokens, one could enable at most the low-modes ofatssttions. Their firing creates again low-
tokens only. Therefore we excluded initial markings withany high tokens in Definition 2.1, part ii).
Actually there is no need to consider markings without Higikens. Such a Petri net would model a
system, where each activity is skipped. This can be achialreddy with the simpler model of the
corresponding-system.

As is well known, the semantics of coloured Petri nets canvengn terms ofP/T-systems. In par-
ticular, every BP-grapt PG expands into an ordinary n8PG/!: Places and transitions afPG/!at
are by definition the token elements and binding elements/e€;. Any token from a marking oBPG
induces a token at that place BfPGf%*, which corresponds to the token colour. Therefore any mark-
ing 1 of BPG induces a marking.f'* of BPGf!%* and the occurrence sequences of the BP-system
BPS = (BPG, ;1) and the ordinary Petri net

Bpsflat = (BPGflat, ,U’flat)

its flattening correspond bijectively. The flattening of the binary ahmsAND- and XOR-transitions of
BPG are the ordinary nets from Fig. 6. An analogous flatteningbigioned for the opening transitions
just by reversing the arcs.

The white components of the ordinary nets in Fig. 6 form paaroordinary Petri net

BPSlow _ (BPGlOw, ,LLlOw),

which is called thdow-systenof BPS. The netBPG!v is the subnet oB PG/ generated by all
low-places and all low-transitions.
Factoring out the low-system from the flattening leaves agignt the ordinary net

BPShigh — (BPGhigh’ Mhigh)’

the high-systenof BPS. The netBPS"9" is generated by the shaded components from Fig. 6, i.e. by
all high-places and high-transitions BIPG/!. It is a restricted free-choice system.

If one forgets about all colours d3P.S, i.e. about the difference between token colours and about
the difference between firing modes, one obtains a furthdinary Petri net, thekeleton

BPSsk:el — (BPGSkel, Mskel)
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Figure 6. Flattening of closing transitions of differengical type (1 = high, 0 = low)

of BPS. The skeleton is d-system. Accordingly, BP-systems generalizeystems. They add the
possibility of choice and represent the omission of actiona second type of tokens.

We illustrate the different ordinary Petri nets attached B®P-system by a series of figures. Fig. 7
(left hand side) shows a simple BP-syst&®.S, which represents an XOR-alternative. The figure shows
the state after deciding for the left alternative. The twketts indicate by their different colour, which
alternative has been chosen. Fig. 7 (right hand side) isatresponding skeletoB PS**¢!, a T-system.
The branching does not indicate, if it results from XOR-&iions or from AND-transitions. And the
marking of BPS**¢! does not indicate, which of the two alternatives has beesasthnBPS.

Figure 7. BP-systenBPS (left) and its skeletoB P.S**¢ (right)

The flatteningB PS7!* from Fig. 8 is an ordinary Petri net. It contains the samerimfation as the
coloured Petri neB PSS, but the representation is less compact.

Figure 8. Flattening3 PS¥!e* of the BP-system from Fig. 7 (left)
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Eventually Fig. 9 (left hand side) shows the low-systBR S and Fig. 9 (right hand side) the
high-systemB PS"9", The low-system is @-system, which is not live. The high-system is a live and
safeP-system. Alike toBPS it represents the alternatives and indicates, which ofvlzealternatives
has been chosen.

Figure 9. Low-systenBPSv (left) and high-systen3 P.S"9" (right) of the BP-system from Fig. 7

The definition of safeness translates literally from ordjm@etri nets to BP-systems: A BP-system
is safeif the token content of any place at any reachable marking doeexceed the bound 1. We now
extend the concept of liveness and deadness to BP-systems.

2.2. Definition (Live, dead, synchronization-deadlock)

Consider a BP-grapB PG, a markingu of BPG and the BP-systeBPS := (BPG, ).

i) A binding element ofB PG is live at y iff for every reachable marking, the BP-systemi BPG, 1)
has a reachable marking which enables the given bindingezlen® PS is live with respect to all its
high bindingsiff every high binding element aB PG is live atp.

ii) A transition of BPG is high-live aty iff it has a high-mode which is live gi. BPS is high-live iff
each transition is high-live at.

iif) The BP-graphB PG is well-formediff a marking 1 exists, such that the BP-systglB PG, 1) is
safe and high-live.

iv) A transition of BPG is dead atyu iff no reachable marking oB P.S enables any firing mode of the
given transition. The marking is deadiff all transitions of BPG are dead at.. BPS is deadiff the
initial marking .« is dead.

v) If BPS is safe, then a transitione BPG is in asynchronization-deadlocht ; iff

e eithert is an AND-transition with at least one pre-place high-mdrkéu and one pre-place low-
marked afu

e ortis a XOR-transition with at least two pre-places high-mdrké..

BPS is free of synchronization-deadlockéno transition of BPG is in a synchronization-deadlock at
a reachable marking.
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BOOLE

Figure 10. Safe and high-live BP-syste®# .S,

In order to illustrate, how high-liveness of a BP-system meyend on certain properties of its high-
system, we present three examples of safe BP-systems. Tsgd#mB PS; from Fig. 10 is safe and
high-live, its high-systenBP.5"*" in Fig. 11 is live and safe without frozen tokens.

~

1 token

Figure 11. Safe and live high-systeP S, *"

The second example is the BP-systBrR S, obtained fromB PS; by interchanging AND-transitions
and XOR-transitions while keeping all arc-directions. .FIi?2 on the left show®3 P.S,. On the right
of Fig. 12, there is a reachable markipg 4..q of BPS> with the two closing AND-transitions in a
synchronization-deadlock.

Both BP-systems&3 P.S; and BPS; have same the skeleton, which is a safe and live T-system. But
their high-systems are different. Fig. 13 shows the deadimgy.}’s" ; of the high-systenz P5;"9",
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BOOLE BOOLE BOOLE

.-

Figure 13. Dead marking,'s" , of the high-systenB P.5;""

As a third and last example we consider the BP-sysi#ft; from Fig. 14 (left hand side).

On the right of Fig. 14, there is a reachable markige..q of B P.S3 with the closing AND-transition
tanp in a synchronization-deadlock. Even thouBH#® S5 is not high-live, its high-systerBPSé”gh in
Fig. 15 (left hand side) is safe and live.

On the right side of Fig. 15 the reachable markjd§®" := high(j3.4eaq) Of the high-system
BPSY" is not dead. But liveness of the high-system from Fig. 15 is™far”: 9" enables an
infinite occurrence sequence which loops and moves onlyotenton the placg’’9”, while the token
on the place/"9" is frozen.

Supported by examples like those from Fig. 14 and Fig. 15dingecture came up that the existence
of frozen tokens in the high-system is the decisive obstnagainst liveness of a safe BP-system. We
shall prove this conjecture in Theorem 4.6.
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BOOLE BOOLE

Figure 14. BP-syste®PS; (left) with a reachable synchronization-deadl@gk;..q (right)

O, I

<] [

Figure 15. High-systenBPS.*" (left) and marking.*?" with a frozen token at placg'*s" (right)

Lifting along Petri net morphisms

Between a BP-systelBP.S = (BGP, i) and its derived ordinary Petri nets canonical morphismstexi

1. The morphismBPS/t 2%, BPS maps places and transitions of the flatteniB@s/ ' onto

their defining token and binding elementsBP.S. The inverse image of a place BfPG has two

token elements, while the inverse image of a transitio®6fP consists of its different binding
elements. With the help of this morphism we identify the coéal Petri neB P.S and the ordinary
Petri netB P S’ with respect to their behaviour, in particular with respiecall their markings

and occurrence sequences.

skel

. The morphisnBPS =5 BPS**! projects token and binding elementsiP.S onto their respec-

tively place and transition:
skel((p,c)) := p, skel((t,b)) =1t

for a token elemen(p, ¢) with ¢ € C(p) and a binding elemerit, b) with b € B(¢). The morphism
forgets about all colours aB PS but keeps places, transitions and directed arcs.

low

. The morphismB P S 22, B P Sflat embeds the low-system into the flattening as a subnet.

. The morphisnB PS/tat Mgl g pghigh projects the flattening onto the high-system. It removes all

low token elements and all low binding elements.

In the present paper we have introduced morphisms betweéhsy&iem and its derived ordinary Petri
nets in an informal way. In particular, the notatiBiP S/t %% g pshish is a shorthand for a morphism
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BPSHat "% pr onto a coloured Petri nét N with the same places, transitions and arc®a#ds /et
but the zero-module of token and binding elements for allggaand transitions of the low-net. For more
insight into our definition of morphisms between Petri ne¢srefer the reader to [Weh2006].

For a noder from BG P we will often user"9" as a shorthand fdrigh(x) andz**¢! as a shorthand
for skel(x). For a pathy in BPG from a nodex; to a nodex, we define an induced patf9" in
BPGhigh: |n BPGhigh we first choose start and end’” € high(col~!(x;)), i = 1,2. Then a unique
path~"i9" exists frome]"" to 3" with col (high™!(y"9")) = ~. Prescribing:"?" is necessary if the
nodez; is an XOR-transition, but often these nodes are implicidyedmined by the context.

A morphism between two Petri nets serves to compare botltisbged to derive properties of one
Petri net from corresponding properties of the other. Thesghisms are already implicit in the paper of
Genrich-Thiagarajan [GT1984], where they are quite oftsgduas a guideline for the reasoning. For the
present paper we have decided to isolate these morphismis atade explicitly some of their properties
in separate propositions which serve as a prerequisiteréming the theorems from Chap. 4 and 5. For
the convenience of the reader and striving for being seitained we have therefore decided to reshape
some proofs from [GT1984] into the new context of morphisms.

The first application of the concept of a morphism in Lemmai8duite simple.

3.1. Lemma (Deriving safeness)

A BP-system is safe if its skeleton is safe.

Proof:

Because the morphisﬁPSﬁ BPS**! maps enabled occurrence sequences, it maps any reachable
marking of BPS to a reachable marking dBP.S**¢!. If no reachable marking oBPS**! marks a
place with more than a single token, the same holds tru&6. O

The lifting problem considers the converse situation: Wnaleich assumptions does a Petri net mor-

phism PN, 7, P N5 have thdifting property, i.e. given an enabled occurrence sequencef PN,,
when does exist an enabled occurrence sequenoé PN, with f(o1) = 02? If oy exists, it is named
a lift of o5 againstf. For the skeleton we will solve the lifting problem with Lerar8.2, for the high-
system with Corollary 3.4.

3.2. Lemma (Lifting property of the skeleton)

For a BP-systemBPS = (BPG,u) free of synchronization-deadlocks the skeleton morphism

BPS *4 ppgskel has the lifting property. In addition, the lift to high bimdj elements can be pre-
scribed along an arbitrary path: Consider an enabled aancersequence®”© from BP.S**¢! contain-
ing a sequence, - ... - t,_1 Of transitions which extends to a pathiP.S

Y= (pO)tO)pl) .. >tn71)pn) Wlth placesp’ia 0 S 1 S n,

and assume that the first plagg is high-marked ap.. Theno**¢ has a liftc to BPS containing a
sequencéto, by) - ... - (tn—1,bn—1) Of high binding element&;, b;),0 < i < n.
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Proof:

We may assume that**! is a single transitiori***! ¢ BPG**¢! firing according toskel (1) o pikel,
All pre-places of the corresponding transitioe B PG are marked. BecaudePS is free of synchro-
nization-deadlocks, the markingenables a firing mode € B(t) of BPS with o**¢! = skel(t,b). In
case of an XOR-transitionithe firing mode can be chosen according to the demand ®herefore the
occurrence sequenee:= (t,b) of BPS is a suitable lift ofos*¢!. O

For a bounded and strongly connected free-choice systertdeminess implies liveness. As a first
consequence from the lifting property of the skeleton wévdea similar property also for BP-systems.

3.3. Proposition (Liveness versus synchronization-deaaitk)

For a strongly connected BP-systeBPS with safe skeletonBP.S**¢ the following properties are
equivalent:

1. BPS'is high-live.
2. No reachable marking @ PS is dead.

3. BPS is free of synchronization-deadlocks and the skeletorvés li

Proof:
1 = 2 The proof is obvious, as liveness always implies non-desgine
2 = 3 The assumption implies that at any reachable markinfBP.S enables at least one binding ele-

ment of BPG. ThereforeB P.S has an occurrence sequencef infinite length enabled at. It projects

along BPS kel ppSskel to an occurrence sequenaé®“ with infinite length, which is enabled at

pkel. Because the skeletoBPS**¢! is a strongly connected-system,o**¢ fires each transition of
BPS*kel Thereforeu**<! marks each circuit of the skeleton aBdS**“! is live.

According to Lemma 3.1BPS is safe. Because alsofires each transition oBP.S, no transition
can be in a synchronization-deadlockuat
3 =1 Consider a reachable markipgof BPS and a given transitioh of the underlying net. Because
the initial marking of BPS contains at least one high-token, the same holds true.fofherefore a
transitiont, exists with a pre-place high-markedat According to Lemma 1.13 a minimal occurrence

skel
sequencekel(p) —— pskel of BPSskel exists withys*®! a blocking-marking associated to the cluster
of skel(t;). By Lemma 3.2 the occurrence sequen¢&! lifts to . —- puq, So that alsqu; enables a
high-mode oft;. Becauseu;*! is a blocking marking, the liv@-system(BPG**¢, us+¢!) contains an
unmarked pattB**¢! from skel(t1) to skel(t). A minimal occurrence sequence
skel
'w{k:el 0'2_) Hgkel
exists withus+e! enablingskel(t) and with the transitions fromi**! as a subsequence @§"<'.

By Lemma 3.2 the occurrence sequengt! has a lift; = s, S0 thatu, enables a high-mode
of t. O

The essential ste@"=- 1" in the proof of Proposition 3.3 as well as Corollary 3.4 halready been
demonstrated by Genrich and Thiagarajan, ([GT1984], Tt&R, Lemma 3.10).
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3.4. Corollary (Lifting property of the high-system)

If a BP-SystemBPS is free of synchronization-deadlocks and has a safe andskegeton, then the
morphismBP S/t "% g pghish has the lifting property.

Proof:

Set BPS = (BPG,u). In BPSMsh = (BPGh9" "9h) we consider an occurrence sequence
o9 firing according top9" 7% M9 Without loss of generality9" is a single transition,
i.e. oM9" = high(oy,) with oy, := (t,b) € BPGf!% with a transitiont € BPG and a high-mode

b € B(t). For the proof we shall concatenatg with a second occurrence sequeng®f BPS/lat s
thato := o, - 0y, is enabled inB P57 and still satisfies"9" = high(c). Therefore we have to fing,

as a suitable occurrence sequence of the low-sy&é&ms'°w ¢ BPS/! |n casesy, is enabled at /'t

we can choose; as the empty sequence.

Otherwisehigh(cy,) is enabled ap/*9", but o, lacks enabledness at'!. Thenoy, = (txor,b)
with a closing XOR-transitiontxpor € BPG and a high-modé € B(txogr). At p one pre-place
p € pre(txor) is high-marked. Lemma 3.1 implies thBtP.S is safe, therefore no pre-placetfor is
marked with more than one token. No pre-placeghr different fromp is high-marked, becaugePS
is free of synchronization-deadlocks. Eventually, duenwlacking enabledness @fxor, b) the tran-
sition txpor has at least one unmarked pre-place. In order to enakler,b) at a reachable mark-
ing, it is necessary to create low-tokens at any of the unethpre-places ofxpor. The skeleton

BPS*l = (BPG**l, ;+) is live. Therefore a minimal occurrence sequepck? 7 pskel of
BPSskel exists withuske! enabling the transition’*®! := skel(txor) € BPG**¢'. Due to Lemma 3.2
the occurrence sequeneé*“! lifts to an occurrence sequenge —- o of BPS with p enabling a
binding elementtxor,V),¥ € B(txor). Because the minimal occurrence sequenté’ does not
containt**¢!, the binding elementtxor,b) does not belong te;. Therefore its pre-placg remains
high-marked aj:y. BecauseBPS is free of synchronization-deadlocks, all other pre-ptackt xor
must be low-marked. We obtaitxor,b') = (txor,b).

Claim: Every firing mode of; is a low-mode, i.eo; belongs to the low-syste® P.S!*”. For the
proof note that-**¢! fires exactly those transitions with an elementary pattité which is token-free at
p**el and each of these transitions fires only once. Therefocentains only firing modes of transitions
with a path totxor Which is token-free at.. Moreover, all binding elements of belong to pairwise
different transitions. Under the assumption thatontains the high-mode of a transition, we select an
elementary pathy C supp(o;) from a high-marked pre-place of that transitionttaoz. According
to Lemma 3.2 we can choose the kff, so that its firing creates a high-token on a pre-placexefr
different fromp. Thereforet xor is in a synchronization-deadlock a§. This contradiction proves that
every binding element of; is a low-mode. The concatenatien:= o; - o}, is an enabled occurrence
sequence oBP S’ and liftso"9", because.

high(c) = high(oy) - high(oy) = high(op,) = o9, -

The BP-system from Fig. 5 is safe and high-live. Its hightetysin Fig. 1 as well as its skeleton
are safe and live, too. This correlation is a general trutoating to the following theorem, which has
been essentially demonstrated by Genrich and Thiagarggari984], Theor. 3.13) and constitutes one
of their main results.
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3.5. Theorem (Safe and live BP-system)

For a safe and high-live BP-system the skeleton is safe a&adahd the high-system is safe and live
without frozen tokens.

Proof:

i) Denote byBPS = (BPG, ;1) the given BP-system. SafenessiiP S follows from Lemma 3.2,
and liveness o3 P.S**¢! follows from Proposition 3.3. SafenessBP 59" follows from Corollary 3.4.
Because the high-system is a safe, strongly connectedifi@ee system, its deadlock-freeness is equiv-
alent to liveness ([DE1995], Theor. 4.31). For an indirgciop of the deadlock-freeness we assume that
BPShish — (BPGhish, | hish) has a reachable dead markin@“". It is generated by an occurrence

sequencg/9 7% 9t which lifts to .~ 1, by Corollary 3.4. Becaus8PS is high-live by

assumption, the marking; enables a high binding elemefit b) of at least one transitione BPG. Its
imagehigh(t,b) € BPG"9" is a transition of the high-system enabledﬁ%’tgh, a contradiction.

i) Exclusion of frozen tokens: For an indirect proof we asguthe existence of a reachable marking
19" and a placehigh(p) € BPGH9" marked aty¥" with a frozen token. Denote by"i9" an
enabled infinite occurrence sequence BPG"9", u’figh) which does not move the frozen token. By
Corollary 3.4 it lifts to an enabled infinite occurrence sengeo of the BP-systen{ BPG, 1) which
does not move the token at the place BPG. Now skel(o) is an infinite enabled occurrence sequence
of the skeleton3 P.S**<! with a frozen token at the placgel(p) € BPG***!. But the skeleton is a safe
and live T-system as already proved in part i). Therefore it has ncefridokens, cf. Lemma 1.6. This
contradiction shows that also the high-system has no fradems. O

3.6. Corollary (Liveness with respect to all high bindings)
A safe and high-live BP-system is live with respect to alhiigh bindings.

Proof:

Denote byB PSS the given BP-system. lIts high-system and skeleton are safdivee by Theorem 3.5.
By Proposition 3.3 the high-liveness BfP.S implies thatB PSS is free of synchronization-deadlocks. By
Corollary 3.4 every enabled occurrence sequendg@f”9" lifts to an enabled occurrence sequence of
BPS. O

The definition othome statefranslates literally from ordinary Petri nets to BP-sysieidere the ex-
istence of home states derives from the existence of blgakiarkings of the high-system. Corollary 3.7
proves a conjecture of Genrich and Thiagarajan ([GT19843t Eonjecture in Chap. 4).

3.7. Corollary (Existence of home states)

Any safe and live BP-system has a home state.

Proof:

Let BPS be the given BP-system. According to Theorem 3.5 the higitesy is safe and live and has no
frozen tokens. Due to Lemma 1.13 any clugtef the high-system has a unique blocking markd:mﬁ;
attached to it. It lifts to a reachable marking BfP.S according to Corollary 3.4. After the subsequent
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firing of a finite enabled occurrence sequence in the lowesystie obtain a reachable markipgof
BPS with high(u) = %" andskel(y) the blocking marking associated to the clusteel(c) in the
skeleton. Evidently. is uniquely determined i3 PS by these two properties. The markingis a
home state o PS, because the blocking markim@ffc’}g is a home state of the high-system and enabled
occurrence sequences of the high-system lifB18S. O

4. Deriving liveness of BP-systems

In the present chapter we prove Theorem 4.6 as the main wfghie paper. It entails the converse of
Theorem 3.5. Because liveness of a BP-system follows frerdéadlock-freeness, it suffices for the
proof of Theorem 4.6 to focus on deadlock-freeness. Ourfprdibe indirect. Therefore we first study
dead BP-systems.

Without loss of generality we concentrate on BP-systemis biitary transitions. One can replace an
arbitrary BP-system by a BP-system with only binary traosg without changing safeness and liveness.
This substitution can be formalized by Petri net morphisi@sie uses transition refinements which
replace a given transition with an arbitrary number of prnepost-places by &-subnet with binary
transitions. Because the fibers of the morphism are no lodigerete, one now has to consider the
general definition of Petri net morphisms (cf. [Weh2006f)ndt stated otherwise we assume that the
BP-systems of the present chapter are binary.

The following Lemma 4.1 derives some simple properties of@ddmarking of a BP-system. Note
that the assumptions concerning the basic componentstifi)pand iii) are satisfied if the high-system
is safe.

4.1. Lemma (Dead BP-system)
Consider a dead BP-systeBPS.

i) The pre-place of an opening transition is unmarked. Inhigh-system no closing transition is
enabled.

ii) If the high-system is live and each of its marked placesadstained in a basic component, then
BPS contains at least one closing XOR-transition with one higgrked and one unmarked pre-place
(cf. Fig. 16 on the left) and PS contains no closing XOR-transition with two marked preeplia

Figure 16. Closing transitions from a dead BP-system anasponding high-system

i) If the skeleton is safe and live and the high-systemvs land each of its marked places is con-
tained in a basic component, then the only transitions edahblthe skeleton have the forshel(t anp)
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with a closing AND-transitiort 4 p in a synchronization-deadlock (cf. Fig. 16 on the right) efidfore
BPS contains at least one closing AND-transition in a synclratidbn-deadlock.

Proof of Lemma 4.1.
SetBPS = (BPG, ).

ad i) Any opening transition with a marked pre-place woulcehabled, contradicting the deadness
of BPS. Closing transitions ofB PG"9" correspond to closinglN D-transitions of BPG. |If the
high-mode of the former were enabled, the latter would béledatoo.

ad ii) If BPS"9" is live, then at least one transitidrigh(t) € BPS"9" t ¢ BPG, is enabled.
According to part i) the transitiohis neither an opening transition nor a closing AND-transitiThere-
fore t is a closing XOR-transition with at least one high-marked-place. The other pre-place is un-
marked: A high-token would contradict the assumption altbetbasic component. As Fig. 6 shows,
in the high-system the resulting two tokens could not be redpd by anyP-component. A low-token
would enable, contradicting the deadness BPS.

ad iii) If BPS**! is safe and live, then at least one transitidri(t) ¢ BPS***! must be enabled.
Due to part i) the corresponding transitiore B PG must be a closing transition with both pre-places
marked and according to part ii) it cannot be an XOR-TramsitiT hereforée is an AND-transition which
is not enabled, but is in a synchronization-deadlock. Node/B P.S is safe according to Lemma 3.1

Our investigation of a dead BP-system is based on the twoegaof an XOR/AND-chain and of a
deadlocking circle from Definition 4.2.

4.2. Definition (Deadlocking circle)

Consider a safe BP-systeB\PS = (BPG, ).

i) An XOR/AN D—chainof BPS leading from a closing XOR-transitian o to a closing AND-
transitiont oy p is a tuple

Chxorjanp = (txor,tanp,a, Np)

with a patha in BPG fromtxor to t 4 p and a basic componenfy of the high-systenB PS"#9", so
that:

e One pre-place € pre(txor) is high-marked aj. and the other pre-place fropre(txor) is
unmarked.

e The transitiont 4 yp is in a synchronization-deadlock af i.e. one pre-place € pre(tanp) is
high-marked and the other pre-place frone(t4np) is low-marked.

e The basic componerit; contains the marked plaggi@" e pre(t"/9" ).

e The induced patthigh(a) of the high-net, which starts at the enabled high-md8g€., of txor,
satisfies A
Ng N high(a) = {43}

ii) If BPS is dead, then deadlocking circle of sizex > 1 of BPS is a family

(Chi xoRr/AND> Bi)i=0,...m~1
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of XOR/AND-chainsChi,XOR/AND leading fromt; xor t0 t; anp, together with elementary token-
free pathss; in BPG,7 = 0,...,m — 1, fromt; snp to t;11 xor. A deadlocking circle isninimal if
BPS has no deadlocking circle of smaller size.

One should note that any computation with indices from tlexnset{0,...,m — 1} has to be
understoodnodulo m

t_1_high

t_AND_high

Figure 17. Deadlocking circle (left) and high-system (t)gh

Fig. 17, on the left, shows a dead BP-system with a deadlgcgirtle of sizem = 1 which is
formed by a single XOR/AND-chain

Chxorjanp = (txor,tanp,a, Np)

together with a token-free path The transitiont 4 p is in a synchronization-deadlock. The paths
elementary. It starts dtypor and ends at4yp. The elementary token-free pathstarts att 4 yp and
ends at xypopr. Fig. 17, on the right, shows the corresponding high-systétimthe subnet generated by
the nodes(q}""", ¢b*"  t"{3 ), 19"} as the basic componedts from Chxor/anp-

4.3. Lemma (XOR/AND-chains and T-components)

Consider an XOR/AND-chai'hxor/anp = (txor,tanp,a, Np) of a safe BP-system and assume
that the high-net is well-formed and structurally free addking. Then eacfi-component of the high
net passing through the enabled high-még’, contains also the high-mod&’¢/: .

Proof:
We will give an indirect proof and assume the existence dfa@mponentNy of the high-net which
containst’y %, but not¢"/%" . The basic componen¥y contains the pre-placg’@" ¢ pre(t"").

Therefore it cannot contai i%hR and its marked pre-plagé9" ¢ Ny. We have

hich hioh . high
tybr € Np — Np, U3, € Ng— Np and Npnhigh(a) = {t, ¥p}

so that Proposition 1.10 excludes the high-net being veeihéd and structurally free of blocking. This
contradiction proves the lemma. O

The high-system from Fig. 17 (right) shows: It is necessanytfie statement of Lemma 4.3 to
assume, that the high-net is structurally free of blocking.
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The following Lemma 4.4 states a sufficient condition thateadi BP-system has a deadlocking
circle. The existence of deadlocking circles will be thetsig point in the proof of Theorem 4.6, where
we assume that the high-system is even safe. But Lemma 4 .Bendlso applied in Chapter 5 under the
weaker assumption about the basic components.

4.4. Lemma (Existence of deadlocking circles)

Consider a dead BP-systeiPS = (BPG, i) with a safe and live skeleton and a well-formed high-net.
Assume that the high-system is live and that each of its nagpkeces is contained in a basic component.
Then

i) BPS contains a closing AND-transitioty 5 p in a synchronization-deadlock.

ii) Any closing AND-transitiont 45 p of BPS in a synchronization-deadlock extends to an
XOR/AN D-chain.

i) Some XOR/AN D-chain of BPS extends to a deadlocking circle.

Proof:
i) According to Lemma 4.1, iii)B PS has a closing AND-transitioty x p in a synchronization-deadlock.

ii) Consider a closing AND-transitionsyp of BPS in a synchronization-deadlock. In the high-
system we denote bﬁ’fgh e pre(t"9" ) the marked pre-place and b§f*" € pre(¢"'4/.)) the unmarked
pre-place. The placé”gh is contained in a basic componeNii. Because the high-system is live, it has
a minimal firing sequence", the 'firing of which activates’}f]%}}) by creating a token @é”gh. Tracing
the token flow due to the firing af*9" back fromq;"gh eventually identifies a path C BPG with the
following properties:

e « starts at a transitiohe€ BPG with a high-mode’*9" enabled a.*9" and ends atsnp

e The firing of 9" moves a token in the high-system alohgyh(a) from a marked pre-place
phigh c pre(thigh) to qgigh_

In the dead BP-systerB PSS the transitiont € B PG must be a closing XOR-transitionkor := t, not

enabled a.. The placep € pre(txor) is high-marked. Because the marked platg” is contained

in a basic component, the other pre-placel gbr is unmarked aj:. The token a‘rqfigh is on hold

during the firing of the minimal firing sequened™". BecauseVy is a basic component, we conclude

Np N high(e) = {t"4}. Therefore
Chxorjanp = (txor;tanp, o, Np)
is an XOR/AND-chain.

iii) Due to part i) and ii) at least one XOR/AND-chain existdle enumerate all XOR/AND-chains
of BPS asCh; xor/anp,i = 0,...,7 — 1. Because the skeleton is live, each initial transition of an
XOR/AND-chain can be reached from the final transition of shene or another XOR/AND-chain by
an unmarked path. After possibly renumbering a subset of ADIR-chains we obtain a deadlocking
circle. O

The following Lemma 4.5 states the core of the proof for Tkeo#.6.
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4.5. Lemma (Exclusion of deadlocking circles)

Consider a BP-systerB PS with a safe and live skeleton. BPS has a deadlocking circle, then the
high-net cannot be well-formed and structurally free otcklag at the same time.

Before entering into the proof we will consider a particudase which serves to isolate the principal
ideas. We assume that a deadlocking circle of size 1 exists, i.e. an XOR/AND-chain

Chxorjanp = (txor,tanp,a, Np)

with a patha from a closing XOR-transitiomxor to a closing AND-transitiort 4y p and a token-free
path3 from tsnyp t0 txor. Heretanp is in a synchronization-deadlock angor has exactly one
high-marked pre-placg € pre(txor), cf. Fig.18.

beta

Figure 18. Two BP-systems with a deadlocking circle of size- 1

Because the skeleton is safe and live, a basic cinguitf BPS = (BPG, i) exists passing through
p but not throught 4 xyp, because all pre-places tf yp are marked. The basic circuit determines in
the high-system an elementary circu@igh. It is contained in ar-componentN7, because the high-
net is well-formed, cf. [TV1984], Chap. 5. ThBcomponentNy passes throughigh(tanp) by
Lemma 4.3. Therefore a bridgg"s" exists within Nz from 759" to high(tanp). Places inNy do
not branch. Therefore the bridge starts with an openingsitian, which is the high-mode of an opening
AND-transitiont;,,;. Moreoveryg N B = {t;,;} for the corresponding patB in BPG. There are two
possibilities for the token-free path

¢ Eitherg andyp have no nodes in common other tharp g, cf. the left part of Fig.18. Concatenat-
ing the paths3, 3 and the segment ofg from ¢ x o r 10 ¢;,,; induces in the high-net &P-handle
on the elementary circuﬁggh, which contradicts the high-net being well-formed.

e Or 8 and~yg intersect in a second nodedifferent from¢xog, cf. the right part of Fig.18. Then
we obtain a token-free circuit 8PS by concatenating the segmentf from ¢ xor to = with
the segment off from x to ¢t x o r, Which contradicts the skeleton being live.
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Both possibilities are excluded which completes the proottiis special case.
In order to prove Lemma 4.5 in the general case, we have todmrdeadlocking circles of arbitrary
size which requires some additional index notation.

Proof of Lemma 4.5.
BecauseBPS = (BPG, 1) has a deadlocking circle, it also has a minimal deadlockirgjec

(Chs xoRr/AND> Bi)i=0,....,m—1 Of sizem > 1

with XOR/AND-chainsChLXOR/AND = (ti,XOR7 ti,ANDa (o7 Ni,B)s cf. Flglg

t_0_XOR t_1_AND
beta_1

BOOLE BOOLE

BOOLE

Figure 19. Deadlocking circle of size = 2

We argue by means of an indirect proof and assume that theneighi := BPG"9" is well-formed
and structurally free of blocking.

i) Distinguishing a basic circuit: Because the skelef®dR S**! is live and safe, a basic circuitg
of BPS passing through the high-marked pre-plagec pre(to xor) exists. It does not pass through
any of the transitions in a synchronization-deadléckyp, ¢ = 0,...,m — 1, because both of their
pre-places are marked.

First claim: For every index= 0, ..., m — 1 holds

’YBﬂﬁz‘Z{@ t#m—1

{tO,XOR} t=m—1

For the proof assume on the contrary the existence of anade, N 3;, v # to, xor-

In casei = m — 1 we obtain an unmarked circuit by concatenating the segnfenf foom ¢ty xor
to = with the segment off,,,_; from x to ¢y xor. This contradicts the liveness of the skeleton. In case
i # m— 1 we obtain an unmarked path frafm 1 anp t0¢;11,xor by concatenating three single paths:
Firstly 3,,—1, secondly the segment gfz from ¢y xor to z and as third the segment gf from = to
ti+1,xor. ConnectingCh,,_1 xor/anp andCh; 1 xor/anp DY the resulting path and skipping all
XOR/AND-chainsChy, xor/anp With 0 < k < i produces a deadlocking circle of smaller size than
the original minimal one. This contradiction proves thetfilaim. A

The basic circuityz determines in the high-system an elementary cirdgﬁh C BPGM9h Because

N is well-formed, there is &-componentNy of N with 459" C N by [TV1984], Chap. 5. Let
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i €{0,...,m — 1} be the maximal index withigh(t; anp) € Nr. Such an index exists: Because the
high-net is structurally free of blocking, at least for theéx: = 0 holdshigh(to,.anp) € Nt according
to Lemma 4.3. LeB"9" C Ny be a bridge fromys9" to high(t; axp) € Ny — 159", As a path within
the T-componentB"9" starts with a transition. It is the high-mode of an AND-tritins t;,;. We have

v8 N B = {t;n;} with B ¢ BPG the corresponding path satisfyihggh(B) = B"i9",

Second claim: For every indgx= i+ 1,...,m — 1 holdsyg N a; = (). We argue by means of an
indirect proof and assume the existence of an index{i + 1,...,m — 1} and a noder € yp N a;.
From

,_Ygz‘gh C NT, high(tj,AND) ¢ NT and Nj7B N high(aj) = {high(tj,AND)}

we conclude that
T = hzgh(x) € Np — Nj,B,xB = hl‘gh(tjAND) S Nj,B — Np

and that the segment bigh(a;) from z7 to z 5 is disjoint toN; g N Np. According to Proposition 1.10
the high-net cannot be well-formed and structurally freebloicking. This contradiction proves the
second claim.

i) Derivation of aT P-handle on the basic circuit: With the help of the distingeid maximal index
i €40,...,m — 1} from part i) withhigh(t; anp) € N7 we define the concatenated path

H ::B*/Bi*(ai-i-l */Bi-i-l)*---*(am—l *57-”_1) C BPG

from ¢;,,; t0 to xor. Due to part i) of the proof we haveg N H = {tin;,to.xor}. After possibly
shorteningH to an elementary path, keeping fixed its start and end, wérointghe high-net &' P-han-

dle H"9" on the elementary circuﬁgigh. By Theorem 1.7 this fact contradicts the well-formedndss o
the high-net and finishes the proof of the lemma. a

Note. The underlying net of the BP-systems in the statement of femeal.6 and Corollary 4.7 is not
necessarily supposed as binary.

4.6. Theorem (Safeness and liveness of BP-systems)

A BP-system is safe and live with respect to all its high biggi if and only if its skeleton is safe and
live and its high-system is safe and live without frozen tuke

Proof:
i) The statement, which assumes a safe and live BP-systdrheimrem 3.5.

i) To prove the reverse direction: The safeness of the tkelenplies the safeness of the BP-system
according to Lemma 3.1. To prove its liveness with respedlitbigh bindings it suffices according
to Corollary 3.6 to prove its high-liveness. For this pumdssuffices according to Proposition 3.3 to
exclude that a reachable marking is dead. Assume on theacpiitrat the BP-system has a reachable
dead marking. Then Lemma 4.4 combined with Lemma 4.5 prevédeontradiction which proves the
theorem. O

The following Corollary 4.7 is due to Genrich and ThiagangjfGT1984], Theor. 4.10).
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4.7. Corollary (Full reachability class)

A BP-system(B PG, p) is safe and live with respect to all its high bindings(iB PG, 1) is safe and
live with respect to all its high bindings for every markinge= [10] from the full reachability class qf.

Proof:

SetBPS := (BPG, u). Only one direction needs an explicit proof: We assume thas reachable in
BPS and that( BPG, ) is safe and live with respect to all high bindings. We havertvg that also
BPS is safe and live with respect to all high bindings: The mospis

BPS ¥ ppgskel and ppsflet Mt ppghigh

imply thatg+<! is reachable ilB PS***! andy(*" is reachable itB P.S9". TheP-coverability theorem
for a well-formed free-choice net ((DE1995], Theor. 5.6piias that every marking from the full reach-
ability class of a safe and live marking is safe and live itsBhereforeB P.S**! as well asBP.S"9" are
safe and live. By Theorem 3.5 and Lemma 1.6 the highBBG"*9" is structurally free of blocking.
Now Theorem 4.6 implies thd8 P.S is safe and live with respect to all its high bindings. O

5. Live BP-systems with prescribed high-system or prescrigd skeleton

In the present chapter we derive some implications of thenriheorem 4.6. In particular, we answer
a question of Desel (Theorem 5.3) and prove a second corgecfuGenrich and Thiagarajan (Theo-
rem 5.5).

The following two Lemmata 5.1 and 5.2 prepare the proof oforam 5.3. A safe and live BP-
system has no reachable marking with high-tokens on eadtedinto post-places of a binary opening
XOR-transition. Such a marking would contradict the saésrend liveness of the high-system, because
the two induced tokens are not separable by a basic compdhenke post-place of the opening XOR-
transition is marked with a high-token, then the other gdate is either unmarked or marked with a
low-token. Lemma 5.1 generalizes this statement.

5.1. Lemma (Firing an opening XOR-transition)

Consider a safe and high-live BP-systé®S = (BPG, 1) with a binary BP-graptB PG. Assume
an opening XOR-transitiofx o With one of its post-places high-marked aand the other unmarked.
Then no elementary path from the unmarked post-place exisiish is marked at. with a high-token
and contains no other token.

Proof:

We denote byp € pre(txor) the pre-place of xor, by ¢ € post(txor) the post-place, which is
high-marked af:, and byr € post(txor) the other post-place, cf. Fig.20. For an indirect proof &f th
lemma we assume an elementary patHfrom r to a placeu,, and assume that,, is marked aj: with a
high-token onu,, and contains no other token.

i) We claim that no transition frompost(q) U post(r) is a closing AND-transition: Otherwise a
closing AND-transitiont 4y p € post(s) C BPG exists with a place € {q, r}, cf. Fig.20.
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BOOLE
t_XOR

XOR

1 high

BOOLE t AND BOOLE BOOLE

AND

Figure 20. Closing AND-transitiotu yp € post(s) in cases = ¢

In the high-netB PG we select #-componentV passing through’'¢". but omittings™" and
pl9h, and we select &-componentNy passing through”i9" but omitting s"" and¢"/%" . We apply

Proposition 1.10 with

high high

T =P € Nr — Np, CCPI:tANDENp—NT

anda the elementary path fromy to zp. Becausex is disjoint to Ny N Np the high-net cannot be
well-formed and structurally free of blocking. This factntradicts Theorem 3.5. and proves the claim.
i) We consider the blocking markingf]”gh associated to the clustet(¢"9") in the high-system.

According to Lemma 1.13 there exists a minimal occurrenqaseceygigh which fires according to

high 75" high
) q 1
R

According to Corollary 3.4 it lifts taB P.S. By possibly firing the low-system the lift can be extended to
an occurrence sequenegof BPS firing according to

9q
B = Hq;
so thathigh(pg) = ,/q"'gh andskel(pq) is the blocking marking o€l(skel(q)) in the skeleton. Due to

the safeness of the high-system no high-modeéx@fr belongs twé”gh. And due to the safeness of

the skeletonskel(txor) does not belong tekel(o,). Because the skeletaB PG+ is aT-net, the
token content of the path,, can increase only by firingxor and decrease only by firing a transition
from post(u,). No firing mode oft x o r belongs tar,, therefore the token content @f, cannot increase
during firingo,. The flow of the high-token o, due to the firing ot, extendsy,, to a patha,, from r

to a placeu,, so thatw, is marked af., with a high-token at., and contains no other token.

iii) Secondly, we consider the blocking markipﬁ"gh associated to the clustei(p"9") in the high-
system. We select a minimal occurrence sequeﬁé‘@‘ of the high-system firing according to

high 5" high
1 p )
pligh 72 high,
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Analogously to part ii) it lifts to an occurrence sequengeof B PS firing according to

g 2 pp o with  high(up) = ulp".

At up we fire that high-mode ofxor which creates a marking,; of BPS that high-marksy and
low-marksr. At i the patha, contains a low-token at. Becauseost(q) does not contain a closing
AND-transition according to part i), the markiriggh(u;) of the high-system is the blocking marking
u’;igh of cl(¢"*9"). After possibly firing the low-system at; we obtain a reachable marking of BPS
with high(us) = uf}’yh andskel(u2) the blocking marking ofl(skel(q)) in the skeleton. Because the
skeletonB PG=k¢l is aT-net, we conclude that at, the pathe, is either token-free or contains at least
one low-token.

iv) We apply Lemma 1.13: The uniqueness of blocking markiafjthe high-system and of the

skeleton impliegu"?" = u2"" andskel(,) = skel(uz). Thereforeu, = us. O the other hand, the
token content ofy, at ., is different from its token content abt. This contradiction completes the proof
of the lemma. ]

5.2. Lemma (Retrograde lifting)

Consider a BP-systerf3 PG, u) which is safe and live with respect to all its high bindingsssame
that BPG is binary. If a markingugzgh of the high-net enables an occurrence sequence

. high
pe " 5 high(p),

then a marking:, of BPG and an occurrence sequengg —— 4 exist with
high(ug) = ,ugigh and high(c) = o9",

Proof:

We denote byN := BPG"9" the high-net. Without loss of generality we may assume #h&t” is

a single transitionr"9" = ¢"9h  There exists a well-determined binding eleménb) ¢ BPG with

high(t,b) = t"9"  For the token change&(c"*9") due to the firing of-"9" and Au (o) due to the
firing of o := (¢,) in BPG holds

high(Au(a)) = Ap(a"io").

i) If ¢ is an opening AND-transition or an arbitrary closing traiosi, all its post-places fromost(t)
are high-marked gt and we have: — Ap(o) > 0. Therefore

po = p — Ap(o)

is a marking ofBPG and provides a lift with the necessary properties.

i) If tis an opening XOR-transitioh= txor, we denote by the pre-place ofxpor and byqg the
post-place of xor that is high-marked ai. The other post-placeof ¢t xor possibly lacks a low-token.
Therefore not necessarily — Au(o) > 0, this expression may fail to define a markingBPG. If r
lacks a low-token at;, we have to fire the low-system in reverse direction untichéag a low-token
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atr. This can be achieved by firing the skeleton in reverse dinedtom the markingskel (1) and then
making sure that it lifts to the reverse of the low-syst8RS"*. The skeletonBPS** is a safe and
live T-system. By reversing the orientation of its arcs - but kegpransitions, places and markings -
we obtain the reverse skeleton which is a safe andTiiggstem, too. In the reverse skeleton we select
a minimal occurrence sequence enabled,dhe firing of which enables the transitickel(txor). By
Lemma 5.1 no elementary path exists3® S which starts at- and contains gt exactly one high-token
and no other token. Therefore the occurrence sequencwlifte reverse oBPS. O

The next Theorem 5.3 answers in the positive a question oflRes

5.3. Theorem (Live BP-system with prescribed high-system)

Any restricted free-choice system which is safe and livéhedt frozen tokens is the high-system of a
BP-system which is safe and live with respect to all its higidings.

Proof:
We denote byF'C'S = (N, /ﬂough) the given free-choice system. For the proof we may assunialiha
transitions ofV are binary - also similar for places of.

i) Catching all high-tokens within &-component: We chooseTacomponentNy of V. According
to Proposition 1.11 a reachable mark'w@gh of F'CS exists which activated/r. The componeniNy

contains all tokens qﬁ’figh , becausd’C'S has no frozen tokens.

i) Adding low-tokens: The restricted free-choice métextends to a unique binary BP-grapiPG
with high-netBPG"9" = N: The BP-graphB PG has a closing (opening) XOR-transition for the two
pre-transitions (post-transitions) of a branched plac&acdnd an AND-transition for every branched
transition of N. We parametrize by

I := {y C BPG : v elementary circuit and y""9" C Np}
the set of all elementary circuits iNy. Each of these circuits"*9" is marked am’f’yh and a subset
of basic circuits coversvy. We now follow the iterative procedure in the proof of GehacTheorem
([DE1995], Theor. 3.20). Using the Petri net morphisms fi@hapter 3 on the level of the underlying
nets

BpGllat M9 ppghish - ppa ke ppeskel

we shall now produce a certain safe and live markirtf’ of the skeletonB PG**¢! without changing
the marking of any elementary circujt*’ := skel(v),~ € I'. These circuits cover

Nikel .= skel(high™* (Nr)),

the subnet o3 PG*¢! corresponding tdv; C BPGH9"., To start the iteration we lift the marking'*?"
from BPGh9" to the well-defined marking, 5, of high-tokens omB PG with high(uy 1) = u""". We
extend skel(u1 ) to a live marking uj*et of BPG** by adding a token to each place from
BPG#kel — Ngkel. The marking does not change the marking of any elementazyith*<! v € T.

2personal communication 15.9.2006.
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If the markingu5*<! is not safe already, a reachable marking BIPG**¢!, u5%¢!) exists which marks a
certain place of3 PG**¢! with two or more tokens. This place must belongB&G=*¢! — Nskel| pe-
causeN;¥¢l is covered by basic circuits. After removing all but one tokem the place in question the
resulting marking is still live, but the token content hasr@ased for at least one circuit not contained in
Nikel We iterate this step until the resulting live markintf® of BPG**<! is also safe.

iii) Extending a certain reachable marking BE'S to BPG: We lift the restrictionu*<| Nkl to
the well-defined markingy;, of high-tokens onB PG with skel(u;) = p**!|N:kel. There exists a
well-defined marking."9" on Ny with high(u,) = p"". The two markings.#"| Ny and ;"
agree on alP-flows of N, because they have the same token content on all elemeimauitcy € I
Therefore the marking."" is a reachable marking dfNy, ;/*9"| N7) according to the Reachabil-
ity Theorem for liveT-systems ([DE1995], Theor. 3.21). BecauSe is a T-component ofN, the
marking p*9" is reachable in(N, u’figh) as well as in the original systethSC. Likewise we lift
the restrictiony**<!| BPG**l — N3kl to the well-defined marking of low-tokens onB PG with
skel(u;) = p*| BPG**el — N3kl The combined marking

[ = fip +

defines the BP-systefiB PG, 11). Its high-systen{V, 9") is safe and live without frozen tokens, and
its skeleton( BPG**¢!| skl is safe and live. ThereforeB PG, 1) is safe and live with respect to all its
high bindings according to Theorem 4.6.

To complete the proof of the theorem we apply Lemma 5.2. Hiesghe existence of a marking,
of BPG, so thatF'C'S is the high-system of the BP-systeBPS := (BPG, 119) which is safe and live
with respect to all high bindings according to Corollary.4.7 O

The following Theorem 5.5 answers affirmatively a furthenjecture of Genrich and Thiagarajan
([GT1984], Second conjecture in Chap. 4). The theorem prémea BP-graph with a high-net which
is well-formed and structurally free of blocking: Any safedalive marking of the skeleton extends to
a safe and high-live marking of the BP-graph. Theorem 5.5dgmapanion to Theorem 5.3, where the
marking of the high-net was prescribed and one had to addd&ens. For proving Theorem 5.5 we
will do the converse: We shall partition the tokens of thdedlom into high- and low-tokens, so that the
high-tokens provide a safe and live marking of the high-ietst, we easily find a live marking of the
high-net. Then, step by step, the simple Lemma 5.4 convertain high-tokens to low-tokens, so that
the resulting marking of the high-net stays live but eveliyuzecomes safe. This iteration is a refined
version of the algorithm in the standard proof of Genricleotem (cf. [DE1995], Theor. 5.10).

5.4. Lemma (Removing tokens from live free-choice systems)

Consider a live marking: of a well-formed free-choice né¥. For any place of N which is marked
at x4 holds the equivalence:

e Removing a token fromp results in a marking which is live, too.

¢ No basic component dfV, 1) passes through.
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Proof:
A marking of a well-formed free-choice net is live if and oiflyt marks everyP-component. We denote
by &z the marking which results from by removing a token at.

i) = ii) If & is live, then everyP-componentNp containingp is marked afu. ThereforeNp is
marked afu with at least two tokens.

i) = i) Consider an arbitrarf>-componentNp. If Np does not contaip, thenyp andz mark IV,
alike. In particular,Np is marked afz. If Np containsp, theny marks Np with at least two tokens,
because is not contained in any basic componenij.ofT hereforer marks Np with at least one token.

O

Note. Consider a bounded and live free-choice system. Even if eerked place is contained in a basic
component, the free-choice system is not necessarily safe.

5.5. Theorem (Live BP-system with prescribed skeleton)

Consider aB P-graphB PG and assume that its high-net is well-formed and structufiede of blocking.
Then any safe and live marking*“ of the skeletonB PG**¢ is the skeleton of a marking of BPG
which is safe and live with respect to all its high bindings:

(BPGSkel, Mskel) — (BPG, ,U,)Skel.

Proof:
We denote byV := BPG"9" the high-net ofB PG.

i) We consider the marking, of BPG which marks each place of ¢ BPG with a high-token if
the corresponding placgkel(p) € BPG** from the skeleton is marked at*c:

skel

high p**et marked at p
po(p) == .
no token otherwise

By definition we have BPG, 110)**¢! = (BPG*®* ys*!). The induced marking;*! of the high-net
is live, because it marks eaBhcomponentVp with at least one token: Due to beingPecomponentVp
contains at least one circuit. The induced circuit in thdetka is marked, becau,%ékel is live.

ii) By induction we construct a finite sequence of markiggs);—o,... , of BPG with

e ;5% is areachable marking ¢B PGkl f5kel)
e (N,u")is live and

e Fori > 1 the token count from alP-componentsVp of the high-nety_ M?igh(Np) is strictly
decreasing with respect o

For the induction step assume that has already been constructed. Becaug¥! is a reachable

marking of (BPG**¢!, ;is5l), the system(BPG®*, ;i#+<l) is safe, too, and Lemma 3.1 implies the
safeness of BPG, ;). If the high-system(N, uﬁ”gh) is not safe, then an enabled occurrence se-
quencecs”9" of (N, ;ﬂ”gh) exists, the firing of which creates a marking with at least takens at

(2
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a certain place ofV. Because¢BPG, ;) is safe, the occurrence sequencé?" has no lift against

(BPG, ;) high (N, u?m”'). Therefore(BPG, u;) has a reachable dead markipggc.q according to
Corollary 3.4. Becausg!?" . is a reachable marking ¢fV, ./"9") the two markingg:’¢" - and /"""

(2
induce the same token count on dvgomponent ofV. We distinguish two cases.

Case 1. A high-token at; 4., Marks a place € BPG with p"9" € N not contained in any ba-
sic component of N, u’”gh). We definey; 1 as the marking of58 PG which results fromy; geqq by

i .
converting the high-token atinto a low-token. Ther{N, u?}rglh) is live according to Lemma 5.4 and
high) " For the skeleton we

its token count from alP-components has decreased in comparisoiMgu;

have skt = ket . Thereforeustd is a reachable marking ¢f3 PG**<!, u5*!) and a posteriori of

(BPGskel ;yskel) which finishes the induction step.

Case 2: Each high-token ¢f; ;..q marks a placep € BPG with pl9h e N contained in a basic
component of N, "), According to Lemma 4.4 a deadlocking circle @¥, 1./"9") exists, which

i
contradicts Lemma 4.5 and excludes the second case. A
Evidently, the iteration stops and holds a markingof BPG so that(N, uffgh) is safe and live and

pskel is a reachable marking B PGeFel, kel

iif) Theorem 4.6 implies thatBPG, 1, is safe and live with respect to all high bindings. Because
the skeleton is cyclic an enabled occurrence sequefit@ of (BPG*"!, uske!) exists, the firing of

which creates the initial marking**!. Due to Lemma 3.2 the occurrence sequesmté’ lifts against

(BPG, ) shel (BPGskel yskel) to an enabled occurrence sequencé®PG, u,). Its firing creates

a markingu of BPG which is safe and live with respect to all high bindings PG and satisfies
(BPGSkel, Mskel) — (BPG, M)skel. 0

In general, the first step in the proof of Theorem 5.5 createsrtany high-tokens and the second step
converts the redundant ones into low-tokens. It sufficesad with aT-componentNy and to high-
mark only those places frothigh~! (N7) € BPG which are marked in the skeleton. One obtains a
live marking of N7, which is live also as a marking of the high-net due to Corglla.9. But some
high-tokens ofiigh~!(Nr) possibly have to be converted to low-tokens. This is exdieglin Fig. 21:

BOOLE BOOLE

Figure 21. High-live BP-system with enabled T-componeit atow-token
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The outer circuit, which generates in the high-system amledd&-component, is marked with a low-
token, too.

5.6. Corollary (Well-formedness of BP-graphs)

A BP-graph is well-formed iff its high-net is well-formed @dustructurally free of blocking.

Proof:
Denote byB PG the given BP-graph.

i) If BPG is well-formed then a marking exists, such that the BP-systeBPS = (BPG, i) is
safe and high-live. Due to Theorem 3.5 the high-sysieR5"#" is save and live without frozen tokens.
HenceB PG"9" is well-formed and structurally free of blocking accorditmg.emma 1.6.

i) AssumeBPG"9" being well-formed and structurally free of blocking. We oke a safe and live
marking of the skeleton. Due to Theorem 5.5 it extends to@aadl high-live marking oB PG. O

Note. In part ii) of the proof for Corollary 5.6 one could also apfilst Genrichs Theorem for live and
bounded free-choice systems and then use Theorem 5.3drdftéaeorem 5.5.

6. Perspectives

According to Theorem 4.6 BP-systems and restricted fregsehsystems without frozen tokens are
equivalent models for the control flow of well-behaved pgsas. One could therefore doubt if further
studies of BP-systems are of any value. BP-systems areredld®etri nets. Therefore they are more
complex than free-choice systems. They introduce a seassh tcolour to explicitly demonstrate the
omission of actions. But as Theorem 4.6 shows, low-tokeasd@pensable when well-behavedness
occurs.

Our argument in favour of BP-systems goes into the oppositctibn: Due to the importance
of BP-systems for the semantics and analysis of EPCs it {ffulelo generalize their type of logical
transitions and to take more general Boolean systems imtsideration. A characterization of safe and
high-live Boolean systems with AND, XOR and OR-connectsrdasirable. Fig. 2 shows the ordinary
net generated by the high-places and high-transitions fafstng OR-transition. Neither the net is free-
choice nor it is capable of representing the Boolean logihefclosing OR-connector of an EPC.

The present paper exemplified how to study Petri nets usingmsms. The morphisms in the
context of the ordinary Petri ng8 PS¢ from Chapter 3 have their analogue within the context of
coloured Petri nets. The coloured Petri AP S is an extension

PN, % Bps M pn,

of a coloured Petri neP N, by another coloured Petri nétNy. The Petri netP N is isomorphic to a
free-choice system, whil® N, is isomorphic to a-system. In [Weh2006] we have started the study of
topological and algebraic aspects of morphisms betweetrasbcoloured Petri nets.
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