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Abstract. We provide a type inference system and a big-step opera-
tional semantics for the “Object Constraint Language” (OCL). Based
on these formal systems we prove that pure OCL expressions only com-
pute primitive recursive functions, but not recursive functions in general.

1 Introduction

The “Object Constraint Language” (OCL [10]) allows to define constraints, like
invariants, for models of the “Unified Modeling Language” (UML [2]). We anal-
yse the expressive power of OCL in terms of the set of functions that can be
computed by OCL expressions. Based on the observations by Mandel and Cen-
garle [6], we formally demonstrate that what we call “pure OCL,” i.e. OCL
expressions attached to the empty UML static structure, only allows the com-
putation of primitive recursive functions.

For this purpose we define a formal semantics of OCL 1.3 [8, Ch. 7]: We in-
troduce a type inference system for OCL terms and define a big-step operational
semantics for their evaluation; subsequently, we prove that the operational se-
mantics satisfies a subject reduction property with respect to the type inference
system. The operational semantic relation gives rise to a set-based denotational
semantics that serves as the basis for demonstrating that all functions repre-
sented by pure OCL expressions are primitive recursive.

Our type inference system and operational semantics are based on the in-
vestigations by Bickford and Guaspari [1], Hamie, Howse, and Kent [5], and
Richters and Gogolla [9] for OCL 1.1 and by Clark [3] for OCL 1.3. However,
we improve on the treatment of the OCL types OclAny and 0clType, the OCL
flattening rules, undefined values, and non-determinism.

We assume a working knowledge of the OCL syntax and informal semantics.
The concrete syntax of the OCL sub-language that we consider here can be
found in Table 1; in particular, we omit navigation to association classes and
through qualified associations, templates, package pathnames, enumerations, the
types OclExpression and OclState, the functions that can be defined by using
iterate, and pre- and post-conditions.

2 Type System

The OCL specification [8, Ch. 7] defines built-in simple types, such as Integer,
Boolean, &c., and built-in parametric collection types, such as Set, Sequence,



Term ::=
Constraint ::=
Ezxpression ::=

TypeName ::=

Literal ::=
VarName ::=

&ec., that take a type parameter; these built-in types may be used in any OCL
term. Moreover, when an OCL term is attached to a UML static structure, it
may involve all classifiers of this static structure as types and the typing in-
formation of an OCL term may rely on the structural features, i.e. attributes,
and behavioural features, i.e. operations and methods, as defined in this static
structure. The types are organised into a type hierarchy that extends the (reflex-
ive and transitive closure of the) generalisation relationships between the types

Constraint | Expression

context TypeName inv : Ezpression {inv : Exzpression}

Literal | self | VarName | TypeName |

Set { [Exzpression {, Expression}] } |

Bag { [Expression {, Expression}] } |

Sequence { [Ezpression {, Ezpression}] } |

Sequence { Expression .. Expression } |

if Ezpression then Ezxpression else Expression endif |

let VarName : TypeName = Expression in Ezpression |

Expression . oclAsType ( TypeName ) |

Ezxpression . and ( Ezpression ) |

Ezxpression . or ( Expression ) |

Ezxpression => iterate ( VarName : TypeName ;
VarName : TypeName = Expression |
Expression ) |

Ezpression . Name |

Ezxpression => Name |

Ezpression . Name ( [Expression {, Ezpression}] ) |

Ezxpression => Name ( [Ezxpression {, Expression}] )

Name | Set ( Name ) | Bag ( Name ) |

Sequence ( Name ) | Collection ( Name )

IntegerLiteral | RealLiteral | BooleanLiteral | StringLiteral

Name

Table 1. OCL syntax fragment

originating from a given static structure.

2.1 Types

The types of OCL terms over a UML static structure {2 can be summarised and

grouped as follows:

To=Aq|S (Ag)
Aq = B | Cg | OclAny | 0clType
B ::= Integer | Real | Boolean | String | Void

S =5 | Collection
S 1= Set | Bag | Sequence



where C; denotes the set of all classifiers of {2 that we may always assume does
not contain Integer, Real, Boolean, String, Void, OclAny, and OclType.
The set B contains all built-in simple OCL types, the so-called basic types.
The basic type Void is not required by the OCL specification; it denotes the
empty type. The set A comprises all basic types, the classifier types according
to {2, and the types OclAny and Oc1Type. The type OclAny is the common super-
type of all basic and classifier types (see below); we consider OclAny to be an
abstract type, though this is not stated explicitly in the OCL specification. The
type Oc1Type is the type of all types (as used in impredicative polymorphism [7]).
Finally, the set S defines the concrete collection type functions yielding, when
applied to a type parameter, a concrete collection type; S adds the abstract
collection type function Collection that yields the abstract collection type.
The type parameter of a collection type may be recovered by a function

flatteng : T — To

requiring flatten, (o (7)) = 7 for all o € S and 7 € Ag; for simplicity, we set
flatteng(r) =7 if 7 € Ag.

Each Literal I has a type, written as typeg, (1), such that type,(n) = Integer
if n is an IntegerLiteral, &c.

2.2 Type Hierarchy

The type hierarchy for OCL term types over a UML static structure {2 is given
by the least partial order, the subtype relation, < that satisfies the following
axioms:

L forall 7 € T, Void <o 7

. for all 7 € B, 7 <, OclAny

. forall 7 € Cp, 7 < 0clAny

Integer < Real

. for all 71,79 € Cop, if 7o generalises 71 with respect to §2, then 7 <o 7
.foralloe Sand 7€ Ap, 0(1) < Collection(7)

forallo e Sand m,m € Ag, if 11 <o 7o, then o (1) <o 0 (1)

e = IR SANN U R

Note that axioms (2-3) only apply to basic and classifier types, that is, in
particular, o (1) £ OclAny. On the one hand, according to [8, p. 7-8], collection
types are basic types; on the other hand, following [8, p. 7-28], these types are
not basic types. We choose the second definition, in particular because in this
way the Russell paradox, that would arise from Set(0clAny) <, OclAny, is
avoided (cf. [1]). Moreover, T <q, flatten,(7) if, and only if 7 € Ag,.

Given types 71,...,Tn, we denote by | |,{71,...,7,} the least upper bound
of 71,...,7, with respect to <q; simultaneously, when writing | |,{7i,..., 7}
we assume this least upper bound to exist. Note that | |, ) = Void.



2.3 Properties and Features

An OCL term may involve, on the one hand, the predefined properties of the
built-in OCL types, such as n.+(n’) for adding the two numbers n and n’ or
T.allInstances for computing all instances of a type 7. On the other hand,
when attached to a non-empty UML static structure, an OCL term may also in-
volve all structural features and those behavioural features of this static structure
that are declared as queries, that is, as having no side-effects.

The UML specification captures the resolution of overriding and redefinition
of features in a static structure by the concept of a full descriptor [8, pp. 2-60f.],
which for each classifier yields all structural and behavioural features available
for this classifier, either by direct definition or by inheritance, together with their
signatures (cf. [8, pp. 7-161.]). However, a detailed definition of full descriptors,
in particular, regarding multiple inheritance, is lacking.

We abstractly axiomatise the retrieval of (overridden) properties and features
by two functions on a given UML static structure {2: The partial function

fdQ Namex T — T xTn

yields, given a name a and a type 7, two types 7" and 7/ such that (a) 7 < 7’
and (b) the type 7’ shows a structural feature or a parameter-less property with
name a; in this case, we write fd,(a,7) = 7’.a : 7. Moreover, given a name o,
a type 7, and a sequence of types (7;)1<i<n, the partial function

fdo : Namex T xTH = To xTH x To

ylelds a type 7/, a sequence of types (7/)1<i<n, and a type 7”7 such that (a) 7 <p
T 1 <o T for all 1 <4 <n, and (b) the type 7’ shows a query behavioural
feature or a property with parameters with name o; in this case, we write
fdo(o, 7, (ti)1<i<n) = 701 (T])1<i<n — 7.

fd,(supertypes, 0c1Type) = Oc1lType.supertypes : Set (0c1lType)
fdg(allInstances, 7) = OclType.alllnstances : Set ()
fdQ(flrst Sequence(a)) = Sequence(a) .first : «
fdo(=,7,7")=7.=:7 — Boolean
fdgo (oclIsKlndOf 7,0c1Type) = 7.0c1IsKindOf : 0c1Type — Boolean
fdo(+, Integer, Integer) = Integer.+ : Integer — Integer
fdo(+, Integer,Real) = Real.+ : Real — Real
fd,(+,Real, Integer) = Real.+ : Real — Real
fd,(+,Real,Real) = Real.+ : Real — Real
fd(including, o (a), @) = o (@) .including : @ — o (@)

(

fdg(union,o(a),o0(a)) = o(@).union : @ — o(a)

Table 2. Typing of sample built-in OCL properties



Table 2 shows some sample axioms for the full descriptors of OCL properties,
where 7,7 € T and o € Ag; all other properties defined in the OCL specifi-
cation [8, Sect. 7.8] may be added analogously. We require these axioms for all
UML static structures {2.

2.4 Type Inference

The type inference system on the one hand allows to deduce the type of a
given OCL term over a given UML static structure, or whether an OCL term is
well-typed. On the other hand, the inference system produces a normalised and
annotated OCL term adding type information for later evaluation.

The grammar for annotated OCL terms transforms the grammar in Ta-
ble 1 for conventional OCL terms as follows: The syntactical categories Term,
Constraint, and Expression are replaced consistently by the syntactical categories
A-Term, A-Constraint, and A-Ezxpression, respectively; moreover the original
FEzxpression clauses

Ezxpression . Name |
Expression . Name ( [Expression {, Expression}] ) |
Ezpression => Name ( [Expression {, Expression}] )

are replaced by

A-Ezxpression . Name TypeName |
A-Ezpression . Name TypeName ( [A-Expression {, A-Expression}] ) |
A-Expression => Name TypeName ( [A-Expression {, A-Expression}] )

Annotations by TypeName are written as subscripts. —

A type environment is a finite sequence I' of variable typings of the form
X1 i Tiy..., Ty i Ty wWith z; € VarName U {self} and 7; € TypeName for all
1 < i < n; for such a type environment I" we denote {x1,...,2,} by dom(I"),
and 7 by I'(z;) if z; # =; for all i < j < n. The empty type environment is
denoted by @, concatenation of type environments I" and I by I', I".

A type environment over a UML static structure {2 is a type environment I’
with I'(x) € Ty, for all € dom(I"); the domain of type environments over {2 is
denoted by TypeEnvg,. —

The type inference system consists of judgements of the form

Ikotot:T

where (2 is a UML static structure, I" is a type environment in TypeEnv,, t is a
Term, t is an A-Term, and 7 € Tp. When writing such a judgement, we assume
that self, oclAsType, and, and or are reserved names and that VarName and
T C TypeName are disjoint. The empty type environment may be omitted.
The judgement relation F¢, is defined by the rules in Tables 3—4; a rule may
only be applied if all its constituents are well-defined. The meta-variables that
are used in the rules and which may be variously decorated range as follows:



(Ctxt™)

(Const™)
(Self")
(Var™)

(TypeT)

(Coll})

(Coll3)

(Cond™)

(Let™)

(Cast™)

(Par™)

(Tter™)

I''self : (Fgp e; > é; : Boolean)i<i<
( ) C 7 1 ) <i<n lfC c C_Q

I' ¢ context ¢ (inv: e€;)1<i<n >
context ¢ (inv: &;)1<i<n : Boolean

Folol:typen(l)

I' kg self b self : I'(self)
I'tgzvaz:I'x)

Fo 7> 7:0clType

(I'Foei>éi: Ti)i<i<n

where o = atten () |1 <i<n
F P —— Lo {flatteng(7i) | }

o{é1, ..., éx}:o(a)

(F Foei>é;: Integer)lgigz

I' ¢ Sequence{e; .. e2} > Sequence{é; .. €2} : Sequence(Integer)

't e é:Boolean
(I'Foei>é:Ti)ici<2

where 7 = | |, {71, 72}
't if e then e; else e endif > e

if € then €1 else €3 endif : 7

I'kFoevé:T

! ~/ 1"
Nr:7hkgepeé 7

/ — - ifr' <orT
I'Fopletx : 7T=eine' pdletx :7=¢€éineée : 7
I'tpevé:T ifr<ot orm <orT
I'tg e.oclAsType(7') > é.oclAsType(7') : 7/ and 7’ # Void

(I'F@ e; > €&; : Boolean)i<;<2

~ ~ if o =and or 0o = or
I'Fpei.o(es) >ér.o(éz) : Boolean

I'Foepé:ala)
T'Foeéevé 71

/ ~I!
INz:o,z :7koe'veée’ 7"

if o/ <u a and

. ! 1"
I'Foe>iterate(z : a; 2’ :7=¢€ 1) > T, 7" <oT
é->iterate(z :a; 2’ :7=¢&1¢é"):71

Table 3. Type inference system I



(Feat?)

(Feat3)

(Prop7)

(Prop3)

(Sing7)

(Sing3)

(Short7)

(Short3)

(Weak™)

I'Foepeé:T
i if fdo(a,7)=7"a:71"

I'Foe.avé.a: 1"

I'Foepeée:T

(I'Foei>& :Ti)i<i<n if fdg (0,7, (Ti)1<i<n) =
I'tpe.oler, ..., en) D> 0 (Tz{)lgiﬁn — 7"
.00 (81, ..., &) 7"

I'Foeveé:ola)
2 i if fdy(a,5(a)) = 7'a: 7"

I'Fpe>ap>é->a: 1"

I'Fopepé:ola)

(I'Foei>é :Ti)i<i<n if fd,(0,5(a), (Ti)1<i<n) =
I'kge>oler, ..., en) > 70 (T)1<i<n — 7"

e=>0,1 (€1, ..., €n) s

TFogevé:a
'Foevé 7

/ 1 ~/! 1"
Nx:a,x :7koe'>e’ 7

if o/ <o a and

I'Foe>iterate(z : a; 2’ : 7=€ 1) > " <orT
Set{é}->iterate(z : a; a2’ : 7=¢& &) :r

I'Foepeé:a

('t ei>é :Ti)i<i<n if fdg,(o,Set (), (Ti)i<i<n) =
I'toe>o(er, ..., en) > .o: (T{)1§i§n — T
Set{é}->0,(é1, ..., €n): T

I'Foepé:o(a)

I'Foe.apé->iterate(i : a; a: o(a’) =o{} |
a->including, ./, (i.a;)) : o(a)

if fdo(a,a) = T.a: @', and T # Sequence and o = Bag or
0 = 0 = Sequence

I'kFoepé:a(a)

I'Fpe.apé->iterate(i : a; a: o(a’) =o{} |
a->union, (o (i.a-)) : o(a’)

if fd(a,a) =T.a:0(a")

I'Foeveée:T

F’,Fl—nebé:T

Table 4. Type inference system II



1€ Literal, a« € Ap, (€ Cqp,0€8,5€ 8, 7€ Tg; x € VarName; a,o0 € Name;
e € Expression, é € A-Expression. —

The rules follow the OCL specification [8, Ch. 7] as closely as possible. The
rule (Coll7) in Table 3 provides a unique type for the empty concrete collections
(in contrast to the type system by Clark [3]). The rule (Coll3) is the so-called
“flattening” rule for nested collections; for a motivation see [8, p. 7-20]. The type
of a conditional expression, as given by the (Cond™) rule, differs from what is
stated in [8, p. 7-35]: there, independently of the type of es, the type of e is
assumed to be the type of the whole expression. For the casting rule (Cast™) in
Table 3 see [8, pp. 7-10, 7-16, 7-29]; note, however, that this rule does not allow
for arbitrary expressions resulting in a type as the argument for oclAsType,
since this would imply term-dependent types as, for example, in

5.0clAsType(if 1.=(2) then Real else Integer endif) .

The rules (Sing7—Sing}) in Table 4 are the so-called “singleton” rules; see [8,
p. 7-13], allowing to apply collection properties to non-collection expressions. The
(Short7—Short}) rules in Table 4 define the shorthand notation for parameter-less
properties on members of collections (see [8, p. 7-24]) combined with flattening
(cf. [8, p. 7-20]); note that & can indeed be Collection, if e is for instance the
expression

if 1.=(2) then Set{ -1, 2 } else Bag{ -1, -1, 2 } endif .

This shorthand notation could be extended to parameterised properties of mem-
bers of collections. However, this extension leads to a non-deterministic type
system,; e.g.,

Set{ 1, 2 }.0oclIsTypeOf (Integer)

may have the incomparable types Set (Boolean) or Boolean. The only structural
rule is the weakening rule (Weak™), that allows to extend type environments. In
particular, there is no subsumption rule which would interfere with the overriding
of properties and features (cf. e.g. [4]). —

The type inference system entails unique annotations and types:

Lemma 1. Let §2 be a UML static structure, I' a type environment, and t a
Term. If T Fot>t:7and I' ot ot 7' for some A-Term’s t and t' and
types T and ' thent =t and T = 1'.

Proof. All rules in Tables 3-4 are deterministic, i.e., entail unique annotated
terms and types. The only overlapping rules are on the one hand (Self™), (Var7),
and (Type™) and, on the other hand, the rule (Feat]) and the rules (Short]—
Short}); however, no conflicts can occur, since, for the first pairs, the syntactical
conventions apply, and, for the second pairs, there are no parameter-less prop-
erties for collection types. O

We call an OCL term ¢ well-typed over a UML static structure {2 and a type
environment I if there are ¢ and 7 such that I' b ¢t > ¢ : 7; the term ¢ is
well-typed over £ if it is well-typed over 2 and the empty type environment §.



3 Operational Semantics

We define a big-step operational semantics for OCL terms; our semantics re-
sembles the system of Clark [3]. This operational semantics is type-sound with
respect to the type system of the previous section.

3.1 Semantic Domains

Given a UML static structure {2, we assume a primitive semantic domain Object,,
for all instances conforming to the classifiers in {2. This domain is equipped with
a function

actualg @ Object, — Cq

yielding for a given object its actual type.
The values of OCL terms are defined by OCL ground terms for §2:

Valueq ::= Simple Valuey, |
Set { SimpleValueListg, } |
Bag { SimpleValueList, } |
Sequence { SimpleValueList,, }
SimpleValueList, = [Simple Valueg, {, SimpleValueg,}]
Simple Valuey, := Literal | Object,, | Tq

We assume suitably axiomatised arithmetical, boolean, &c. functions and rela-
tions on these ground terms such that, e.g., 1 + 1 = 2, false A true = false,
Set{ 1, 2}=Set{2, 1,1} 1<2 Integer < Real, &c.

For collection values, we use a map

flatteng, : Valueg — Simple Valuey,

defined similarly to the type function in Sect. 2.1, by flatten g (o{vy, ..., v,}) =
vy +-+ vy, and flatteng,(v) = v, if v € SimpleValueg,. Collection values are
constructed by a function

makeg, : S X Valueg, — Valueg,

such that makeg(o,v1 -+ v,) = o{v1, ..., v} if 0 € S and v; € SimpleValue,,
for all 1 < i < n, and, if v; € Valueg \ Simple Value, for some 1 < i < n then
makeg(o,v1 - -+ v,) = makeg (o, flatten o (v1) - - - flatteng(vy)); if o = Set, repe-
titions in flatten(vy) - - - flatten(v,) are discarded. If n = 0, we write make (.S, 0);
more generally, we also denote makeg(o,v1 -+ v,) by maken(o,{v1,...,v,}).
For sequences, we additionally use a map

makeg, : IntegerLiteral x IntegerLiteral — Valueg

such that, for ny,ne € IntegerLiteral, makeg(n1,n2) = Sequence{n;, ny + 1,
., no}, if ny < ng, and maken(ny,ny) = Sequence{}, otherwise; we more
conveniently write make,(Sequence, ny ..ns) for maken(ny, ng).



A collection value v has a sequence value representation v’, written as v ~» v/,
if make(Sequence, flatteng,(v”)) = v’ for some v’/ = v. In general, a collection
value has several different sequence value representations; e.g. Set{ 1, 2 } ~
Sequenceq{ 1, 2 }, but also Set{ 1, 2 } ~ Sequence{ 2, 1 }.

We define a relation between values and types

:0 C Valuen x Tg

extending actual, above and type,, of Sect. 2.1 by subsumption, such that

1. For I € Literal, l : ¢ type(l)

2. For 7 € T, 7 :p OclType

3. For o € Objecty,, 0 :0 actualn(o)

4. 0{} :0 0 (Void)

5. Ifv;:o afor all 1 <i <n, then o{vy, ..., v} 0 o(a)

6. fv:igrand 7 <p 7/, thenv:ip 7
In particular, by rule (5), we have that if v :p 7 and flatten(v) = vy -+ v,

then v; : flatten(v;) for all 1 < ¢ < n. Note, however, that there is no v €
Valueq, with v : Void and, moreover, that there is no type 7 € Ty, such that
Set{ 1, Boolean } :p T.

3.2 Systems

An OCL term is evaluated in the context of a set of instances conforming to the
underlying UML static structure. For a given static structure (2, we call a set of
instances w C Object,, a system conforming to 2, if with

Valueg, = {v € Valueg | v € Object, D v € w}
Resulty = Valueg U {L}

the following holds:
1. For every a € Name with fd(a,7) = 7".a : 7" there is a function
attry(a, 7') : Value$, — Results)
such that if v € Valuep, and v :o 7 and attry(a, ") (v) = v' € Valuey, then
v g T
2. For every o € Name with fd, (0,7, (7;)1<i<n) = 7.0 : (T})1<i<n — 7" there
is a function

meth$y (o, 7") : Valued, x (Value$))™ — Results

such that if v,vq,...,v, € Valuer, and v :p 7 and v; :p 7; for all 1 <i<n
and methg (o, 7") (v, (v;)1<i<n) = V' € Valueg, then v’ 1 7.



attry(supertypesy, .., 7) = makeq(Set, {r"|1<aT})

attr allInstancesgclType,Boolean) = Set{ true, false }

ol
ol
attrs(allInstancesgaype, Set (Boolean)) = Set{ true, false }
ol
o

attrg(allInstancesgetype; () = makeo(Set,w(¢))
attrg(allInstancesgatype; Set (()) = maken(Set,w(())
attr's (£irstsequence(a, Sequence (v1, ..., Vn)) = V1
meth (=sootean, v, V') = (v =1")

meth (oclIsKind0fpootean, U, 7) = ¥ i T

methd (+1nteger, U, U N=v+2

meth$ (+gear, v,v") = v + v’

meth (including, .y, v,v") = makeqo(o,v v')

meth$ (union, (), v,v") = makeg(o,v v')

Table 5. Semantics of sample built-in OCL properties

The domain Valuep, contains all values of OCL terms for a system w and
Resulty), extends this domain by an undefined result L. Condition (1) requires
type and system preserving functions retrieving the values of structural features
or parameter-less properties, condition (2) requires analogous functions execut-
ing behavioural features and properties with parameters.

Table 5 contains some sample axioms for the retrieval of OCL properties
and features. In particular, the definitions for allInstances take into account
the necessary flattening of the results. We more conveniently write attry(ar,v)
for attry(a,7)(v), and, similarly, we abbreviate methp (o, 7)(v, (vi)1<i<n) by
metho(0r,v, (v;)1<i<n). Moreover, for a classifier ¢ € Cp, we write w(¢) for
the set {v ew |v:n (}.

3.3 Operational Rules

The operational semantics evaluates annotated OCL terms in the context of a
system and some variable assignments.

A wvariable environment is a finite sequence ~y of variable assignments of the
form x1 — vy,...,2, — v, with z; € VarName U {self} and v; € Valuep for
all 1 < i < n; for such a variable environment we write dom(y) = {z1,...,2,}
and y(z;) = v; if »; # x; for all i < j < n. The empty variable environment is
denoted by ), concatenation of variable environments « and 4’ by ~,v’.

A wariable environment over a UML static structure {2 and a system w con-
forming to (2 is a variable environment v with y(x) € Valuey, for all € dom(v).
The domain of variable environments over {2 and w is denoted by VarEnvg. —

The operational semantics consists of judgements of the form

Fotlo



(Ctxth)

(Const*)
(Self!)
(Var')

(Type')

(Coll})

(Coll})

(Cond})

(Condy)

(Let!)

(Cast})

(Cast3)

(75 self — v #?2 €; l Ui,U)ISiSnwEw(C)

v 5 context ¢ (inv: &i)i<i<n | A;, Viw

yrEo Ll

v F§ self | y(self)
vES 2 L y(x)

yEo Tl T

(YF% & | vi)icicn

yFS olér, ..., €} | makeq(o,v1 -+ vn)

(vFS éi | vi)i<i<a

v F$ Sequence{ér .. €2} | maken(Sequence, v .

vFHH €| true
(’Y Foéil 'Ui)lgi§2

v g if € then é; else é; endif | vy

v+HH é | false
(vF5 & | vi)ici<o

v g if € then é; else & endif | ve

YRS éElw
vz v FG e |

Yy letx i 7=¢éiné | v

yFoelw .
fvipr
v g €.oclAsType(T) | v
Foélo
vael it v /o

v F§ €.0clAsType(7) | L

Table 6. Operational semantics I

.UQ)



(Par%)

(Par})

(Par})

(Par%

(Par})

(Tter!)

(Feat})

(Feat})

(Propy)

(Props)

(YFS & | vi)i<i<e (YF & | vi)ici<a
!

= = (Pary) . =
v g é1.and(€2) | v1 A v v G é1.or(é2) | v1 Vv
vH§ €1 | false ! vEg ér | true
. . (Pary) . .
v F§ é1.and(é2) | false v g é1.0or(é2) | true
v G éz | false ! v g é2 | true
(Parg)
v F§ é1.and(é2) | false v g é1.or(é2) | true
(v FG & | Ui)i1<i<o if 71 # false and U2 = L or
v F% &1 .and(E2) | L U1 = L and U2 # false

(v F$ & | Ti)i<i<o if U1 # true and T2 = L or
v % é1.or(é2) | L 71 = L and U2 # true

yEoELw
yHS € | v
(v,x =i, 2’ =i FS €' | v)i<i<n

v G é->iterate(z : a; 2’ T=¢&1¢é&") | v,

if v ~ Sequence{vi, ..., v}

Foélo
% where attr$(a.,v) =v
Yo ée.ar [V

yEgéelwv

Fo €l vi)ici<
(VF% & L vihicizn where methd (0r,v, (vi)1<i<n) =V

YHS €.0,(81, oo, E0) LT

Foeéelw
:‘;j}—llq where attrg(ar,v) =70
Yroe>ar | v

TFoelv

(vFS & L vii<icn o

where meth$(or, v, (Vi)1<i<n) =T

N FY 6=501 (81, ...y En) LT

Table 7. Operational semantics 11



where 2 is a UML static structure, w is a system conforming to {2, 7y is a variable
environment in VarEnv$, t is an A-Term, and v is a Result;).

The judgement relation 5, is defined by the rules in Tables 6-7; a rule may
only be applied if all its constituents are well-defined. The meta-variables range
as follows: | € Literal;, a« € Ap, ( € Cp, 0 € S, 7 € To; x € VarName,
a,0 € Name; v € Valuep, U € Resulty; é € A-Expression.

We additionally adopt the following general strictness convention that applies
to all rules with the single exception of the rules (ParifParé) in Table 7: if L
occurs as a result in a judgement of a premise of some rule, the whole term
evaluates to L. —

The operational rules are presented in close correspondence to the typing
rules in Tables 3—4. All rules, except the rules (Par{—Paré) in Table 7 require of
all sub-terms to be fully evaluated and to result in a value in Valueg, in order
to deliver a value for a term. In particular, this makes for a strict conditional;
on the other hand, the (Par) rules yield parallel Boolean properties and and
or; see [8, Sect. 7.4.9]. The only rules that introduce the undefined result L are
the (Cast}) rule in Table 6 (cf. [8, p. 7-29]) and, possibly, (Feat! Feat}) and
(Prop%fProp%) in Table 6.

3.4 Subject reduction

The operational semantics is inherently non-deterministic. In particular, the well-
typed expression

Set{ 1, 1.2 }->iterate(i : OclAny;
a : Sequence(OclAny) = Sequence{} |
a->append(i))->first.oclAsType(Integer)

may evaluate to 1, if Set{ 1, 1.2 } is represented by Sequence{ 1, 1.2 }; or
it may evaluate to L, if Set{ 1, 1.2 } is represented by Sequence{ 1.2, 1 }.

Thus the operational semantics is not type sound in the strict sense, i.e.,
converging well-typed terms do not always yield a result of the expected type.
However, if the operational semantics reduces an OCL term of inferred type 7
to some value then this value is indeed of type 7, i.e., the operational semantics
in Sect. 3.3 satisfies the subject reduction property with respect to the type
inference system in Sect. 2.4.

In order to state and prove this result, we say that, for a UML static structure
{2, a variable environment vy conforms to a type environment I" if dom(y) 2D
dom(I") and v(x) :, I'(2) for all z € dom(v).

Proposition 1. Let 2 be a UML static structure and w a system conforming to
0 let I' be a type environment and 7y a variable environment conforming to I';
let t be a Term and t an A-Term; let 7 € Ty and v € Valueg,. If I'Eq t >t:T
and yFSt L v, thenv g T.

Proof. We perform an induction over the proof tree height n for I' o t > : 7.



If n = 0, nothing has to be proven. Thus, let n > 0 and let the claim be
proven for all proof tree heights n’ < n. We proceed by case analysis on the last
proof step for I'Fp t>t: 7:

(Ctxt™): Then t = context ¢ (inv: &;)1<ij<n and 7 = Boolean and I, self :
(ko e; > é; : Boolean for all 1 < 4 < n. The only applicable operational rule
for such a ¢ is (Ctxt!) and, thus, if we have v % context ¢ (inv: &)i<i<n | v
then necessarily v, self — v/ F5 é; | v;, for all 1 <i <n and v’ € w(¢) with
v = /\i’v’ Vi Since v; o € Valueyp, for all ¢ and v” and there is no value v” with
v"” 1 Void and Void is the only sub-type of Boolean, we have v; , : Boolean
by the induction hypothesis and, a fortiori, v :(;, Boolean = 7.

(Const™): Then t =1 and 7 = type(l). The only applicable operational rule
for such a t is (Const!) and, thus, if we have v % [ | v then v = [; but, then,
the claim is clear, for [ :q, type,(l) = 7.

(Self™): Then ¢ = self and 7 = I'(self). The only applicable operational
rule for such a £ is (Self!) and, thus, if we have v 5, self | v, then v = y(self);
but, then, the claim is clear, for v conforms to I" and thus we have y(self) :p,
I'(self) =r.

(VarT): Then ¢t =  with « € VarName and x ¢ Tg, and 7 = I'(z). The only
applicable operational rule for such a # is (Varl) and, thus, if we have v+ « | v
then v = v(x); but, then, the claim is clear, for v conforms to I" and thus
y(x) 0 [(x) =T.

(Type™): Then ¢ = 7/ with 7/ € Ty; and 7 = 0c1Type. The only applicable
operational rule for such a ¢ is (Type!) and, thus, if we have v F% 7 | v then
v = 7'; but, then, the claim is clear, since 7’ :; 0c1Type = 7.

(Coll]): Then t = o{é1, ..., é,} and 7 = o () with o = | |, {flatten(r;) |
1<i<n},and I'bg e;>é; : 7; for 1 <i <n. The only applicable operational
rule for such a 7 is (Colll) and, thus, if we have v F% o{é, ..., &} | v
then necessarily v F5 € | v; for 1 <4 < n with v = makeg(0,0) = o{} if
n =0, and v = makep(o,v1 -+ v,) = maken(o, V11 Vimy ** Unl *** Unm,)
with v -+ Vi, = flatteng(v;) otherwise. If n = 0 then v :p o(Void) and
thus v :p o(a). However, if n > 0, by the induction hypothesis, v; : 7; and
thus v;; 1o flatteng(r;) for all 1 < 4 < n and 1 < j < m;. Hence we have
vigpo(la) =7.

(Coll): Then ¢ = Sequence{é; .. &} and 7 = Sequence(Integer) and
I'tFo e > € : Inte%er for 1 < 4 < 2. The only applicable operational rule
for such a t is (Colly) and, thus, if we have v F{ Sequence{é; .. &3} | v
then necessarily v F5, é; | v; for 1 < i < 2 with v = makep(o,v1 .. v9).
By the induction hypothesis, we have v; :» Integer for 1 < i < 2, and thus,
because there is no value v’ with v’ :, Void and Void is the only sub-type of
Sequence(Integer), we have v :p Sequence (Integer) = 7.

(Cond™): Then ¢ = if & then &; else & endif and 7 = | | {71, ™2} with
I'kFepveé :mforl <i<2and I F e é: Boolean. The only applicable
operational rules for such a # are (Cond}) and (Cond}) and, thus, if we have
v E5 if € then €; else €5 endif | v then necessarily v 5, é; | v; for 1 <4 <2



and v F§ € | b with b = true and v = vy or b = false and v = vs. By the
induction hypothesis, v; :o 7; <o 7 for 1 < ¢ < 2 and thus, in either case, v :p 7.

(Let™): Then { = let 2 : 7' =éiné and 7 = 7" with I' Fo e > & : 7
and Iz : 7" Fe' > & : 7 and 7 < 7/. The only applicable operational rule
for such a £ is (Let!) and, thus, if we have v % let  : 7/ =€ in & | v then
necessarily v F5 € | v' and v,z — o' 5 € | v. By the induction hypothesis,

v’ 1 7" and, since hence ~y, x — v’ conforms to I,z : 7", also v : 7" = 7.

(Cast™): Then t = e.oclAsType(r’) and 7 = 7/ with I' - e > € : 7/ and
7" <o 7 or 7 <g 1" and 7/ # Void. The only applicable rules for such a
are (Cast}) and (Cast}) and, thus, if we have v % e.oc1AsType(7’) | v then
necessarily yF5 € [ v with v :p 7/ = 7.

(Par™): Then = &;.0(&) with o € {and,or} and 7 = Boolean with I" -,
ey > & : Boolean for 1 < i < 2. The only applicable rules for such a ¢ are
(Par%—Paré) .

If we have v F% € .0(é) | v and (Part) or (Par}) has been applied then
necessarily v F5 € | v; for 1 < i < 2 and vy Avy = v or v1 V vg = v. By the
induction hypothesis v; :; Boolean and hence, since there is no value v’ with
v’ 1 Void we have v :(p Boolean = 7.

If we have v F% & .0(é) | v and (Par}) or (Par%) has been applied then
necessarily o = and and v 5, €1 | false or v ¢, & | false and v = false.
But then v :(; Boolean = 7.

If we have v 5 é€1.0(é2) | v and (Paré) or (Paré) has been applied then
necessarily o = or and v+, €1 | true or v+ € | true and v = true. But
then v :(p Boolean = 7.

(Iter™): Then { = é->iterate(x : a; ' : 7/ =¢& | &) and 7 = 7/ with
I'Foeve:o(@)and 'Fpe'pée 7" and Iz :a, 2 : 7' Fpe’>é’ 7" and
o' <o aand 7,7" <o 7'. The only applicable rule for such a # is (Iter!) and,
thus, if we have y ¢, é->iterate(z : a; 2’ : 7/ =€ | €’) | v then necessarily
yEgélv and yFG € | vf and v,z — vl 2’ ol FG e o) for 1 <i<n
where v' ~» Sequence{v], ..., v/} with v = v//. By the induction hypothesis

v i () and v 1o T <o 7' and hence v] :p @' <o « and, inductively,
v i " <gq 7' for 1 < i < n, since hence v,z — v}, x’ — v} | conforms to

Iz: o,z ;7. In particular, v 1 7/ = 7.

(Feat]): Then t = é.a,» and 7 = 7" with I' Fp e > € : 7/ and fd,(a,7') =
7”.a : 7. The only applicable rule for such a ¢ is (Feat{) and, thus, if we have
v Fo €.arv | v then necessarily v F5 € | v and attr$(ar;»,v") = v. By the
induction hypothesis v’ :; 7" and hence, by condition (1) of Sect. 3.2, we have
vipT" =T

(Feat]): Then t = €.0.# (&1, ..., &) and 7 = 7" with ' Fp e > é : 7/
and I' Fo e; > & : 7 and fdg(o, 7, (Ti)i<i<n) = 770 + (T))1<i<n — 7.
The only applicable rule for such a ¢ is (Feat%) and, thus, if we have v 5
€.077 (€1, ..., €x) | v then necessarily v F§ € | v/ and v F5 & | v; for
1 < i < n and methg(or7,v, (vi)1<i<n) = v. By the induction hypothesis

v’ i1 7" and v; :; 7; and hence, by condition (2) of Sect. 3.2, we have v :, 7" = 7.



(Prop]): Then t = é->a,» and 7 = 7" with I' g e > & : 7(a) and
fdo(a,7(a)) = 7".a : 7"”. The only applicable rule for such a f is (Prop{)
and, thus, if we have v F, é->a,» | v then necessarily v Fg € | v’ and
attryy(arv,v") = v. By the induction hypothesis v’ :; () and hence, by con-

dition (1) of Sect. 3.2, we have v :p 7" = 7.

(Prop3): Then t = é->0,1 (€1, ..., &) and 7 = 7" with 'k e & : 7 (a)
and I' Fp e; > € : 7; and fdQ(O,E(a),(Ti)lgign) =71"0": (T{)lgign — 7",
The only applicable rule for such a £ is (Prop%) and, thus, if we have vy 5
€=>0;1 (€1, ..., €,) | v then necessarily v k5, € | v and v 5 & | v; for
1 < i < n and methg (07,0, (vi)1<i<n) = v. By the induction hypothesis
v i o(a) and v; :p 7; and hence, by condition (2) of Sect. 3.2, we have

vipT" =7

(Sing7): Then t = Set{é}->iterate(x : a; 2’/ : 7/ =¢& | &) and 7 = 7/
with 'Fpevé:ad’and 't e e 7" and INr:a, 2 : 7' Fge' e’ 7
and o <o a and 7,7 <o 7’. The only applicable rule for such a ¢ is (Iter!)
and, thus, if we have v F§, Set{é}->iterate(x : a; 2’ : 7/ =¢& | €') | v, then

necessarily v F5, Set{e} | v/ and v 5, & | v] and v,x — v}, 2’ — v 5 &’
v for 1 < i <n where v’ ~ Sequence{v], ..., v} with v = v//; moreover, by

Coll}), from v F%, Set{é} | v/ we have y F% & | v". By the induction hypothesis
1 Q Q
v" 1 o and thus v’ :p Set(a’) and v :o 7’ <o 7’ and hence v} :g &' < «
and, inductively, v} :o 7" <o 7’ for 1 <4 < n, since hence v,z — v}, 2’ — v}’ |
conforms to I,z : a, 2’ : 7/. In particular, v : 7/ = 7.

(Sing3): Then = Set{e}->0, (&1, ..., &,) and 7= 7" with ' e > &

aand I'tFge; > € 1 and fdQ(o,Set(a), (Ti)lgign) =7"0: (T{)lgign — 7",

The only applicable rule for such a £ is (Propé) and, thus, if we have vy 5
Set{€}->0,~ (€1, ..., €,) | v then necessarily v F§ Set{é} | v’ and yF5 é; |

v; for 1 < i < n and meth%)(or,v', (v;)1<i<n) = v; moreover, by (Coll}), from
v 5 Set{e} | v/ we have v 5 € | v”. By the induction hypothesis v” :, « and
thus v" :; Set () and v; :p 7; and hence, by condition (2) of Sect. 3.2, we have
vipT" =T

(Short]): Then = é->iterate(i : a; a : o(a’) =& | &) and 7 = 0 (')
with & = 0{} and &’ = a->including,,y(i.a,) and I'Fp e> € :5(a) and
fdo(a,@) = 7.a : o and T # Sequence, and ¢ = Bag or & = ¢ = Sequence.
The only applicable rule for such a  is (Iter!) and, thus, if we have v -4 ¢ | v
then necessarily vy Fp € | v/ and v F5 € | v and ,1 — vl,a— v | F5 ée” | oY
for 1 <14 < n where v’ ~ Sequence{v}, ..., v/} with v = v//. By the induction
hypothesis v' : 7 (a). Moreover, o{} :n 0(Void) < 0(a/) and I',i : a,a :
o) Fpe'>é’:o(a) for ¢ = a->including(i.a) by the assumptions in
Table 2. Thus by the induction hypothesis, inductively, v : o(a/) for 1 < i <
n, since hence v,i — v},a +— v/’ ; conforms to I',i: a,a: o(a’). In particular,
vipo(la) =T.

(Short?): Then f = é->iterate(i : a; a : 0(a/) =& | &) and 7 = o (')
with & = o{} and €’ = a->union,(i.a,) and I' Fo e > € : 5(a) and
fdo(a,a) = 7".a : 0(a’). The only applicable rule for such a ¢ is (Iter!) and, thus,



if we have v 5, £ | v then necessarily v F5 € | v’ and v 5 & | v and 7,1

vi,ar vl FG e | o) for 1 <i < n where v/ ~ Sequence{v], ..., v} with
v = v)/. By the induction hypothesis v’ :, 7(a). Moreover, c{} :, o (Void) <p,
o) and I'i : a,a : 0(&) Fo €' > & : o(a’) for ¢ = a->union(i.a)
by the assumptions in Table 2. Thus by the induction hypothesis, inductively,
vl g o(a) for 1 < i < n, since hence v,i +— v}, a — v} conforms to I,1i :
a,a:o(a’). In particular, v :g o(a) = 7.

(Weak™): Then I' = I/, T" and t = é and 7 = 7/ and [ Fg ep é: 7. If
v EH é | v and v conforms to I' then, a fortiori, v conforms to I’ and thus, by
the induction hypothesis, v :p 7/ = 7. a

On the other hand, a well-typed OCL term always yields some result, that
is, the operational semantics will not get stuck.

Lemma 2. Let 2 be a UML static structure and w a system conforming to {2;
let I' be a type environment and vy a variable environment conforming to I'; let
t be a Term andt an A-Term; let 7 € To. If ' Fo t >t : 7 then there is a result
U € Result, such that y -5t | .

Proof. By induction on the type derivation and using the strictness convention
for the operational rules. a

4 Denotational Semantics

The big-step operational semantics for OCL terms described in the previous
section gives rise to a set-based denotational semantics assigning a finite set
of results to each OCL term. All operational rules applying to the same OCL
term are gathered into a single clause defining the denotation of this term; in
particular, each clause has to take into account the potential non-determinism
of the operational evaluation process and undefined results.

The denotational semantics for OCL terms is given by a function

[-15 : A-Term — VarEnvg, — pResulty,

where (2 is a UML static structure and w a system conforming to f2.
Besides the semantic functions in Sect. 3.1, we use some additional functions
in order to define [—]{,: The families of functions

lift oy, lift yoy = (9 Resulty))™ — pResultf)

defined for all n-ary functions f : Valuep," — pResulty, and g : Resulty” —
pResulty, by
hftﬂ”’) (Vh R 7V") = (leevlﬂValue‘_}’z,...,vnévnﬂ Value, f(vh s 7/0”)) U
(ViU uVy)n{l}),
Tﬂg(n) (Vl, N ,Vn) = U516717...,vnevn g(’Ul, o e ,Un) ,



(Ctxt€)

(Const€
(Self<
(Var€

—_— — — =

(Type

(CollIf)

(Coll§)

(Cond®)

(Let®)
(Cast®)

(Parf)

(Par$)

(Tter®)

(Featf)

(Feats)

(Prop¥)

(Props)

[context ¢ (inv: &)i<i<n]ny =
Uvewey(Uv1 -+ vn AN <i< vi})
([ea]g, (v, self = v)) -+ ([En]; (v, s€1f > v)))
[~ = {3
[sel£], 7 = {F(se1£)}
[z]5 v = {7(2)}
[y ={r}

[[O'{él, ey én}}]g’y =
(o -+ von - {makeq (0,01 -~ va)}) ([E1]g7) -+~ ([l 7)

[Sequence{é; .. é&x}]pvy =

(Uwv1 vz . {maken(Sequence,v1 .. v2)}) ([é1]5 ) ([E2]5 )

[if € then é; else é endif)]y, v =
(Uvvive. {v'| (v=true Av' =v1)V (v =false Av' =v2)})

([e] & ) ([exl; v) (T8 v)
[tet 2 : 7 =éin &[5y = (Uv.[€T5 (v, 2 —v)) ([€]57)

[€.0c1AsType(T)] 5y =
Uv AV [(vio T AT =0) V(v fo 7 AT = 1)}) ([€]g )

[61.and(&)]5 y = (U1 2. {m1 AT2}) ([&1]5 ) ([E2]5 )
[e1.0r(&)]5y = (Uv1 02 {11 V2}) ([E1]57) ([E2]5 7)

[e->iterate(z : a; 2’ : 7=¢& | N5y =

(U v U(l) . UU’\/’Seq\mnce{vl, Y itemte(m, VL - Up, x/, ’U(/)) [[é”]]u_(; 7)
(lels ) ([€'T5 )
[6.a-1% 7 = (v {attrg(ar,v)}) ([E]% )
[€.0-C1\ ...y @D =

(Uvwr - vn . {meth(or, v, (vi)i1<i<n)})
(lelgv) ([adg ) -+ ([enls )
[e->a-]5 v = (Uv {attrg(a-,v)}) ([€]5 )
[6->0- 1, ..., &)%) =
(Uvor - vn . {methg(or, v, (vi)i<i<n)})

(Tele ) ([l ) - - ([enl )

Table 8. Denotational semantics



respectively, lift functions on the semantic domains Valuef," and Resulty" to
functions on pResulty, propagating undefined results. We write ((Jvy -+ vy . f)
V, ---V, instead of lift ¢y (Vi,...,V,) and also (le vy g) (Vi V)
instead of Fﬁg(n) Vi,..., V).
Furthermore, the family of functions
iterate s : VarName x Valueg,” x VarName x Valueg, x VarEnvg, —

pResulty),
defined for all functions f : VarEnvg — pResulty, by

iterate(x,0,2",v,v) = {v}
iterate f(z,v1 -+ vy, @', 0,7y) =
Uvre fr,mmvn arey Gterates(@,vg - - vy, 2’ 0", )
iterates a function on variable environments over a sequence of values and ac-
cumulates previous results. We write iterate(z,v1 -+ vp,a’,v) f~y instead of

iterates(x, vy -+ - vy, ', 0, 7).
Moreover, the functions

A,V : (BooleanLiteral U { 1 })* — BooleanLiteral U { 1}
defined by

by A by, if by, by € BooleanLiteral
by Aby = < false, if by = false or by = false

41, otherwise

by V by, if by, by € BooleanLiteral
by Vg = true, if b; = true or by = true

1, otherwise

represent “parallel” boolean connectives.
Finally, for a variable environment v € VarEnvf, we define

() = ~v(x), if x € dom(7)
V(@) {J_, if © ¢ dom(vy)

The function [—]¢, is defined in Table 8. The meta-variables range as follows:
l € Literal, a« € Ap, ( € Cp, 0 € S, 7 € T; x € VarName; a,0 € Name;
v € Valueg,, U € Resultyy; v € VarEnvg; € € A-Expression. —

By its very construction, the denotational and the operational semantics
coincide on well-typed OCL terms:

Proposition 2. Let 2 be a UML static structure and w a system conforming to
0; let I' be a type environment and 7y a variable environment conforming to I';
let t be a Term and t an A-Term; let 7 € Ty and U € Resulty. If T' g tot:T,
then vy o t | v if, and only if v € [t]g .



Proof. We proceed by induction over the term structure of .

If £ is of the form [ € Literal or self or € VarName or 7 € T, the claim
is obvious.

Let t = 0{é;, ..., €,}. The only applicable operational rule for such a f is
(Coll}), the only applicable denotational clause (CollS). By (Coll}), v % i | v
with v € Values, if, and only if v F &; | v; with v; € Valueg, for all 1 <14 < n, if]
and only if v; € [&]¢, v for all 1 < i < n by the induction hypothesis, and hence
if, and only if v € [t],~ by the definition of (Coll€;). Conversely, v 5 | L if,
and only if v F5 é; | L for some 1 < i < n, if, and only if L € [&],~, if, and
only if L € [¢]7,~ by the definition of |J.

Ift = Sequence{é; .. €3} the same reasoning applies as for the case t =
O'{él, e vy én}

Let ¢ = if & then é; else é; endif. The only applicable operational rules
for such a £ are (Cond}) and (Cond}), the only applicable denotational clause
(Cond€). By (Cond}) and (Cond}), v F% | v/ with o/ € Value?, if, and only if
yEélvand vt é; | v; with v € BooleanLiteral and v; € Valuey, for 1 <i <2,
if, and only if v € [€]5 v and v; € [&]av for 1 < i < 2 by the induction
hypothesis, and hence if, and only if v € [t]5, v by the definition of (Cond€).
Conversely, v % ¢ | L if, and only if v 5, é | L or v F% & | L for some
1<i<2,if and only if L € [€]5, v or L € [&]5 7, if, and only if L € [{]5~ by
the definition of (.

Letf =1et x : 7 = € in &'. The only applicable operational rules for such a £
is (Let!), the only applicable denotational clause (Let€). By (Let!), v F% £ | v”
with v € Valuep, if, and only if v F5 é | v and v,2 — v FH & | v/ with
v,v" € Valueg,. By the induction hypothesis, v € | v if, and only if v € [€]5, 7.
Since I' b t > t : 7/ the variable environment v,z — v conforms to I,z : T,
and thus we have v,z — v 5 & | ¢ if, and only if v € [{]5 (7,2 — v) by
the induction hypothesis, and hence, v F ¢ | v” if, and only if v" € [t]5~
by the definition of (Let€). Conversely, v % ¢ | L if, and only if v F& é | L
oryFH élvand v,z — v bH € | L for some v € Valuep), if, and only if
Le[tlgyor L e[é]s (v,z— v),if, and only if L € [t]5,~ by the definition
of .

If { = é.0oclAsType(7) the same reasoning applies as for the case ¢ =
if € then ¢; else ¢ endif.

Let £ = é;.and(é3). The only applicable operational rules for such a ¢
are (ParifParé) and (Par%), the only applicable denotational clause (Parf).
By (Pari-Pari), v F% # | v with Value% if, and only if v F% & | v; with
vy,vy € Valueg, or v 5 €1 | false or v Ff, é3 | false. But, for 1 < i < 2
v F é | v; with v; € Resulty, if, and only if v; € [&]5 v, by the induction
hypothesis. Thus, v 5, ¢ | v with v € Valuej, if, and only if v € [t]5,~y by
the definition of (Parf) and Lemma 2. Conversely, v 5 ¢ | L if, and only if
v Fg & | U; with ©1,T; € Valuey, and v, # false and 7o = L or v; = L and
Uy # false, if, and only if L € [£];,~ by the definition of A and |J.



If t = é;.0r(éy) the same reasoning applies as for the case t = é;.and(é&y),
by the definition of V.

Let t = é->iterate(z : a; 2’ : 7/ =& | €). The only applicable oper-
ational rules for such a f is (Iter!), the only applicable denotational clause
(Iter€). By (Iter!), v 5 é->iterate(z : a; 2’ : 7/ =& | &) | v with v €
Valueg, if, and only if v Fg é | v with v/ € Valueg and v Fg & | v and
v o= vl — vl Fg e’ | v with o) € Valuep, for 0 < i < n where
v’ ~ Sequence{v], ..., v,}. By the induction hypothesis, w;y F5 € | v if,
and only if v’ € [€]5, v and w;y ¢, € | vy if, and only if vy € [€']F, v. Moreover,
since I' g ¢ > ¢t : 7, inductively, all variable environments v, x — v}, 2’ — v}’ |
conform to v,z : a, 2’ : 7, and thus we have that v,z — v, 2’ — v | F5 &" | v}
if, and only if v/ € [¢"]5 (v, — vl,2’ — v/ ;. Thus, v 5 ¢ | v if, and
only if v € [t]5,~ by the definition of (Iter€). Conversely, v 5 ¢ | L if, and
onlyifyFpée|l Lorykpeée | Lory by é |l v andy g, é | v with
v v € Valuey and v,z — vl 2’ — v FH e [ o) for 1 <i <k and v,z —
v, — ooy Fo e’ | Land 1 <k < n where v/ ~ Sequence{v}, ..., v, }.
But hence v -5 # | L if, and only if L € [¢], v by the induction hypothesis and
the definition of iterate.

If { is of the form é.a, or €.0, (€1, ..., €y) Or é=>a, or 6=>0, (€1, ..., €n),
the same reasoning applies as for the case t = o{€y, ..., €,}.

Let £ = context ¢ (inv: €i)1<i<n- The only applicable operational rule for
such a £ is (Ctxt'), the only applicable denotational clause (Ctxt€). By (Ctxt!),
v &t ] v with o' € Valueg, if, and only if v,self — v g & | v, with
Vi € Valueg, for all v € w(¢) and 1 < i < n. Since I' - ¢ > £ : 7, the variable
environment v, self — v conforms to I',self : ¢ for all v € w((), and thus
we have, by the induction hypothesis, that v,self — v kg & | v;, if, and
only if v,; € [&]5 (v,self — wv) for all 1 < i < n, and hence if, and only if
v’ € [t]5~y by the definition of (Ctxt€). Conversely, v F5 ¢ | L if, and only if
~v,self — vk ¢ | L for some v € w(¢) and some 1 < i < n, if, and only if
1 € [&]% (v,self — v), if, and only if L € [¢], v by the definition of |J. 0

5 Expressiveness

Mandel and Cengarle [6] have argued that all primitive recursive functions can be
encoded as OCL expressions. We prove the reverse direction of this observation:
that the evaluation of a well-typed OCL term over a UML static structure and a
system conforming to this static structure and only showing primitive recursive
methods and attributes is primitive recursive. In particular, the evaluation of a
well-typed OCL term over the empty UML static structure is primitive recursive.

Since every primitive recursive function can be represented by an OCL ex-
pression, a function evaluating any OCL expression cannot be primitive recur-
sive. However, for every OCL term, the defining clauses for the denotational
semantics in Sect. 4 allow to derive a function that evaluates this term and is



primitive recursive. For example, the OCL expression
Sequence{ 1, 2 }->iterate(i : Integer; a : Integer =0 | a.+(1))
yields the function

[Sequencef{ 1, 2 }->iterate(i : Integer;
a : Integer = 0 | a.+1nteger(i))]]“())’y:

(U v 7}6 : Uv*v»Sequence{ul s ooy URY itemte(i, U1 Un,a, U(/J)
[a- +1nteger (1], 7) ([Sequence{ 1, 2 }[5, v) ([0]7) =
(U v U() : Uv«»Sequence{'ul , oees Un} z'temte(i, U1 Uns @y v(l))

(Uvovr . {meth)(+1aveger, v, v1)}) ([al 7) ([1]5 7)) )
((Uvi vz . {make(Sequence, vi v2)}) ([1]5 7) ([2] 5 ) ([0]5 7) =
(U9t Unsomumeaton .. onp teratei,on - vy, )
(Uvvr - {methg(+mteger, v, v1)}) {7(2) } {7(1)}) 7)
((Uwv1 ve . {make(Sequence, v, v2)}) {1} {2}) {0} .

We call a system w conforming to a UML static structure 2 primitive re-
cursive if all functions attry)(a, ) : Valuep, — Resulty, methg(o,7) : Valueg, x
Valued,™ — Resulty), defined in w and the relation :, C Valuéf x T, are primitive
recursive.

Proposition 3. Let 2 be a UML static structure and w a primitive recursive
system conforming to §2; let t be a Term and t be an A-Term; let 7 € Tq. If
T t>t:7, then there is a primitive recursive function eval(t)s, : VarEnvg —
o(Resulty) such that eval(t)%~y = [t]5 .

Proof. Using suitable encodings for VarEnu},, Result;,, and finite sequences and
sets of Results, all auxiliary functions used in the definition of [¢]}, are primitive
recursive. Thus, by induction over the term structure of ¢, all functions in [¢]%
are primitive recursive. Thus we may define eval()% v = [t]5 7 O

Any system w conforming to the empty UML static structure () can obviously
be chosen to be primitive recursive; thus, every OCL expression that is well-typed
over the empty UML static structure, i.e., a pure OCL expression, denotes a
primitive recursive function.

6 Conclusions

We have investigated the expressive power of the “Object Constraint Language.”
We have presented a type inference system, a big-step operational semantics,
and denotational semantics for the OCL. This formal semantics has provided
the basis for proving that the functions computed by pure OCL expressions are
primitive recursive.



We have based our investigations on the OCL 1.3 specification [8, Ch. 7].
The forthcoming OCL 1.4 release may invalidate some of the findings discussed
here. In particular, means for defining arbitrary recursive functions on the OCL
level, and not on the UML static structure level only, may be provided, which
would turn OCL into a Turing complete language.
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