2 Natural Transformations, (Co)Products

2.1 Natural Transformations

We can now go on in the same fashion and ask, whether functors are objects
of interest in mathematics. If so, they better from a category. We are thus
in need of a definition of morphisms between functors. Morphisms between
functors are called natural transformations:

Definition 2.1. Suppose F,G : C — D are functors. A natural transforma-
tion p: F' — G is a collection p(A) : FA — GA of arrows, indexed by the
objects of C, such that the diagram

A
FAXY A

Ffl le

FBHGB

commutes for all f: A —- B e C.

The best way to think of a natural transformation is as defining a passage
FA — GA from the structure constructed by F to the structure constructed
by G. The requirement that the above diagram commutes, the so called
“naturality condition” then expresses that the passage is achieved by a “uni-
form” or “canonical” definition, which works “in the same way” for all objects

of C.

The definition of natural transformations puts us in the position to consider
categories of functors:

Lemma 2.2. Suppose C and D are categories. Then the collection of func-
tors from C to D, with natural transformations as morphisms, forms a cate-

gory.

The category of functors C — I, which is called functor category for obvious
reasons, is denoted by DF.

So natural transformations are morphisms between morphisms. This is not
a weird concept. Everybody who’s ever done some functional programming
has made use of natural transformations.



Exercise 2.3. Consider the functor List : Set — Set from Example 1.8 and
the constant functor N : Set — Set with value N, the set of natural numbers.

Show that the set-indexed collection length(A) : List(A) — N(A), which
maps a list to its length, is a natural transformation List — N.

If you have bothered to do Exercise 1.10, here’s another one for you:

Exercise 2.4. Suppose C is the category from exercise 1.10. We have shown
that every directed graph comes up as a functor C — Set. Show, that the
morphisms of two graphs, represented by functors F' and G, respectively, are
in 1-1 correspondence to the natural transformations F' — G.

In order to get familiar with the concept of natural transformations, it’s also
helpful to come up with something, which is not a natural transformation.

Exercise 2.5. Consider the functors List and N from Exercise 2.3. Show
that the assignment beast(A) : List(A) — N, given by

if A={0,2,4,6,...
beast(A)[ag, - .- ,ax] = {O ! {0,2, }

E+1 o/w

does not define a natural transformation beast : List — N.

2.2 Constructing Categories
This section gives two principles for constructing new categories from already
given ones.

Note that we have already seen one such principle: Given two categories C
and I, we have seen the construction of the functor category DC.

When comparing categories to sets, the functor category corresponds to the
set of functions between two sets. Similarly, the product category corre-
sponds to the cartesian product of two sets:

Definition 2.6. Suppose C and D are categories. The product category
C x D is the category which

e has pairs (C,D) with C € C and D € D as objects

e has pairs (f,g) with f : C — C'" and g : D — D' as morphisms from
(C,D) to (C',D").



Again, it’s obvious that the product category is actually a category.

We can study the relationship between product and functor categories once
we have the notion of isomorphism at hand.

Definition 2.7. Suppose f : A — B € C. Then f is an isomorphism, if
there exists an arrow g : B —+ A € C such that go f =14 and fog = 1p.

We say that objects A and B of C are isomorphic, if there exists an isomor-
phism f: A — B. If this is the case, we denote this by A & B.

With this definition, we can prove our first abstract results about categories:
Proposition 2.8. For any three categories A, B and C:
Ax1=2A AxB=BxA (AxB) xC=Ax(BxC)

and
Al=p OB (c®)A  (AxB)® =A% xB
where 1 denotes the category with one object (and the identity as only mor-

phism).

Proof. As in the set theoretic case, but instead of functions one defines two
functors and shows that they are each others inverses. O

The second principle is the construction of the opposite category. Recall that
categories are just defined in terms of objects and arrows. In the opposite
category, the directions of the arrows are reversed. The idea of the opposite
category is to give a precise meaning to the word “duality”: The dual of a
categorical concept is the concept applied in the opposite category.

Definition 2.9. Suppose C is a category. Its opposite category C°P is given
by

. [C?| = |C]
o CP (A, B) = C(B, A)
® OABC = ®CBA

where o denotes the composition in C°P and e is the composition in C.

It is trivial to show that:
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Lemma 2.10. Suppose C is a category. Then so is C°P.

This principle of constructing the opposite category is not so much of interest
in its own right. The interest in the opposite category is due to the fact that
it gives a precise definition of duality. One says that C has property co-P,
if C°P has property P. One then regards the property co-P as being dual to
P.

If you want to get some grip on the opposite category, the next exercise is
for you:

Exercise 2.11. Suppose C is a category, which is locally small, that is, the
collection of morphisms between any two objects is a set.

Show that Hom, given by by Hom(A, B) = C(A4, B) for objects A,B € C
and Hom(f, g)(¢) = go ¢ o f defines a functor C°? x C — Set.

2.3 Structures in Categories

If the only thing we know about a certain entity is that it’s a category, we
do not know very much about it. We now discuss structural properties of
categories. We think of these properties as “gadgets”, which qualify cate-
gories for certain tasks. For example, if a category has products (which we
introduce presently), it can be used as a model for equational theories. If
it has exponents (see later), we show that it can be used to give semantics
to the simply typed lambda calculus. As already mentioned, each structure
automatically comes with its dual.

We begin with the terminal (and initial) objects.

Definition 2.12. If C is a category, we call an object 1 € C terminal, if, for
all objects A € C, there exists a unique arrow !4 : A — C.

We say that C has a terminal object, if there exists 1 € C such that 1 is
terminal.

This definition, which introduces one of the simplest structures which can
be present in a category, already shows the typical features of a categorical
definition: it’s a definition by means of a universal property. That is, a

structure is defined in terms of “for all ..., there exists a unique ...such
that ...”. For terminal objects, the “such-that”-part is equivalent to logical
truth.

So what’s a terminal object, intuitively?
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Example 2.13. In Set, every one element set is a terminal object. In Grp,
every one-element group is terminal.

Here’s an example which involves infinite streams, but from a computer
science perspective: The category of stream automatons.

Example 2.14. Suppose A is an alphabet. A stream automaton over A
is a triple (C,hd,tl) where C' is a set (the state space of the automaton),
hd : C — A associates a letter of the alphabet with each state and tl: C — C
is the next state function.

Every state c of a stream automaton gives rise to an infinite stream [hd(c), hdo
tl(c),hd o tl o tl(c),...]. Note that the automaton has to perform a compu-
tation (using tl) before we can read of the next element of the stream (by
means of hd).

A morphism between two stream automata (C,hd¢,tle) and (D, hdp,tlp)
is a function f : C — D such that hdp o f = hd¢ and tlp o f = tlg. Note
that the definition of morphism is such that ¢ and f(c) give rise to the same
stream, that is, the morphisms preserve observable behaviour.

It’s easy to see that stream automata from a category. We claim that
(Z,hd, tl) is final in the category of steam automata, where Z are the N=indexed

families (an)nen over A, hd((an)nen) = ag and tl(an)nen) = (@n41)nen.
Indeed, given (A, hd 4,tl4), one can show that there’s precisely one morphism
u : A — Z of stream automata. This morphism is defined by u(a) =
(hd o tI"(a))nen, where tI" is the n-fold composition of the function tl with
itself: I’ =tlo---otl (n times).

Hence the terminal object in the category of stream automata corresponds
to the automaton whose state space is the set of all streams.

Terminal objects are not present in all categories, as the next example shows:

Example 2.15. Consider N as a category via its natural ordering (cf. Ex-
ample 1.4. Then N does not have a terminal object.

For if it had a terminal object ¢, say, this would amount to the existence of
an arrow n — t for every n € N. By definition of N as a category, we would
have n <t for all n € N — contradiction.

We leave it as an exercise to see whether terminal objects exist in the category
L of example 1.5:
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Exercise 2.16. Find out whether the category L from example 1.5 has a
terminal object. If so, describe the terminal object.

The term “co-terminal” is not really being used. Instead, one calls these
objects initial.

Definition 2.17. An object 0 € C is called initial, if 0 is a terminal object
of C°P.

Note that the previous definition is an example of how every categorical
structure gives rise to a dual structure.

The category of sets is a category which has an initial object:

Example 2.18. The empty set is initial in Set. Note that 0 initial in C iff 0
terminal in C°P iff for all A € C°P there exists a unique arrow !4 : A > 0 €
C°P iff for all A € C, there exists a unique arrow 74 : 0 -+ A € C.

We leave it as an exercise to find the initial object in the category Grp of
groups.

Exercise 2.19. Describe the initial object in the category Grp.

Also, it is instructive to look at categories induced by preorders (Example
1.4) to see what initial and terminal objects are about.

Exercise 2.20. Suppose S is a set and let P be the category corresponding
to P(S), ordered by inclusion. Show that P has both an initial and terminal
object.

Now suppose (P, <) is a preorder and denote the induced category by P.
Characterise the existence of initial and final objects in P in terms of pre-
orders.

Terminal objects are unique up to isomorphism:

Lemma 2.21. Suppose 1,1’ € C are terminal objects. Then 1 =21’

Proof. We write id; (resp. idy/) for the identity morphism on 1 (resp. 1').
Suppose 1,1" are terminal. Then there are morphisms m : 1 — 1’ and
n : 1" — 1. Consider the composition nom : 1 — 1. Since 1 is terminal,
there exists a unique morphism 1 — 1. But both n o m and the identity id;
are morphisms 1 — 1. Hence nom = id;. By symmetry, mon = id}]. Hence
n is an isomorphism, i.e. 121’ O
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We move on to structures, which are only slightly more involved: we now
characterise cartesian products in category theoretic terms.

Definition 2.22. Suppose C is a category and 74 : X — A and 7p :
X — B € C. We say that (X, 74, 7p) is a product diagram if the following
universal property holds: For every pair of arrows f4 : Z — A and fp :
Z — B there exists a unique arrow f : Z — X such that f4 = w40 f and
fB=mpof.

In this situation, we call X the product of A and B and write X = A X B
and f = <fA, fB)

We say that a category has products, if there exists a product diagram A X
B,my: AxB — A,mg: Ax B — B for every pair of objects A and B € C.

The situation one has in a product diagram is best thought of in terms of
the following diagram:

Products in the category of sets correspond to cartesian products.

Example 2.23. Suppose A,B are sets. Then A x B = {(a,b) | a €
A and b € B}, together with the obvious projections A x B — A and
A x B — B, is a product diagram.

In topological spaces, categorical products characterise the product topology.

Exercise 2.24. Suppose that (A4,74) and (B, 7p) are topological spaces. If
Tax B 1s the product topology induces by 74 and 7p, show that (A X B, TaxB
is the product of (A, 74) and (B, 75) in the category Top of topological spaces
(and continuous mappings).

If you are adventurous, generalise the definition of products in a category
from two to an arbitrary number of objects and show, that the same corre-
spondence also holds for products of an indexed family (A;, 7;)icr of topo-
logical spaces. (Hint: recall Tychonoff’s theorem)

As with any categorical concept, there is a dual:
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Definition 2.25. A diagram (Z,ing : A — Z,ing : B — Z) in a category
C is a coproduct diagram, if (Z,iny4,inp) is a product diagram in C°P.

Coproducts in the category of sets are disjoint unions:

Example 2.26. Suppose A and B are sets. Let A+ B = {(a,0) | a €
A} U{(b,1) | b € B}. If we let ing(a) = (a,0) and ing(b) = (b, 1), we have
ing:A—A+Banding: B— A+ B.

In categories of algebraic structures, such as groups, rings and the like, the
existence of coproducts is a non-trivial theorem. The following exercise ex-
amines products and coproducts in categories of preorders.

Exercise 2.27. Suppose (P, <) is a preorder and denote the induced cat-
egory by P. Show that P has products, if every pair of objects has a least
upper bound. Analogously, show that the existence of coproducts in P is
equivalent to the existence of a greatest lower bound.

Considering the category L of formulas of predicate logic, we have
Exercise 2.28. Suppose ¢, € L. Then ¢ A v is the product of ¢ and 1 in
L. Their coproduct is given by ¢ V 1.

The next exercise shows, that products also exist in categories, where the

morphisms are recursive functions.

Exercise 2.29. Show that the category w—Set has products and coproducts.

Hint: Recall the s-n-m theorem.

We end the discussion of basic categorical structure with observing that
products are unique up to isomorphism (thereby justifying the terminology
“the product” introduced earlier).

Lemma 2.30. Products in categories are (if they exist) unique up to iso-
morphism.

Proof. Exercise. O
The last lemma can be proved in two essentially different ways. We leave

both proofs as exercise. The first proof is similar to the proof of Lemma 2.21
and uses the universal property of product diagrams.
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Exercise 2.31. Prove Lemma 2.30 by assuming that there are two product
diagrams (X,m4 : X > A,np: X — B) and (Y,pa:Y — A,pp:Y — B).
Consider the functions f = (w4, 75) : X =Y and g = (pa,pB): Y — X.
Show that go f = 1x by showing that go f and 1x have the same universal
property. Conclude f o g = 1y by symmetry.

The second proof defines a category of product diagrams and uses Lemma
2.21.

Exercise 2.32. Define a category of so-called product cones over A and B
as follows: Objects are triples (X, f4, fp) where X is an object of C and
fa: X —>Aand fp: X — B.

Given two product cones (X, f4, fg) and (Y, f4, fB), amorphismm : X —Y
is a morphism of product cones iff gg = fp om and g4 = f4 om.

Show that (X, fa, fB) is a product diagram iff it is terminal in the category
of product cones. Conclude the uniqueness of products.

Note that the last exercise actually gives a stronger result by relating different
product cones.

Since any isomorphism in C is also an isomorphism in C°P, we have:

Corollary 2.33. Coproducts in categories are (if they exist) unique up to
isomorphism.
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